what is a removable discontinuity in
calculus

what is a removable discontinuity in calculus is a fundamental concept in
mathematical analysis, particularly in the study of functions and their behaviors. A
removable discontinuity occurs when a function is not defined at a certain point, yet can
be made continuous by appropriately defining or redefining the function at that point. This
article delves into the nature of removable discontinuities, how to identify them, and their
significance in calculus. We will explore examples, methods for solving problems involving
discontinuities, and their implications in various mathematical contexts. Understanding
removable discontinuities is crucial for students and professionals alike, as it lays the
groundwork for further studies in calculus, limits, and continuity.
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Understanding Removable Discontinuities

Removable discontinuities occur in a function when there is a point at which the function
is not defined or does not have a limit, yet the overall behavior of the function suggests
that it should be continuous. This type of discontinuity is often characterized by a "hole" in
the graph of the function. To better understand this concept, it is essential to consider the
definition of continuity in calculus.

A function \( f(x) \) is said to be continuous at a point \( ¢ \) if the following conditions are
met:

e The function \( f(c) \) is defined.
e The limit of \( f(x) \) as \( x \) approaches \( c ) exists.

e The limit of \( f(x) \) as \( x \) approaches \( ¢ ) is equal to \( f(c) \).

When one of these conditions is not satisfied due to a removable discontinuity, it indicates



that while the function does not possess a value at that specific point, it can be redefined
to create a continuous function. This flexibility to "remove" the discontinuity by redefining
the function at the point in question is what makes it "removable."

Identifying Removable Discontinuities

Identifying removable discontinuities involves analyzing the function to determine where it
fails to be continuous. This process often includes examining limits and function
definitions. Here are the key steps to identify removable discontinuities effectively:

Step 1: Find Points of Discontinuity

The first step is to determine where the function is not defined or where it exhibits
discontinuity. This can involve checking for undefined values, such as division by zero, or
points where the function does not approach a limit.

Step 2: Analyze the Limits

Next, compute the limit of the function as it approaches the point of interest from both the
left and the right. If both limits exist and are equal, but the function value at that point is
not equal to the limit, then a removable discontinuity is present.

Step 3: Check for Redefinition

Lastly, verify if redefining the function at that point can make it continuous. If you can
assign a value to the function at the discontinuity that matches the limit, the discontinuity
is considered removable.

Examples of Removable Discontinuities

To illustrate removable discontinuities, consider the following function:

Let \( f(x) = \frac{x™2 - 1}{x - 1} \). This function can be simplified:
We can factor the numerator:
\(f(x) = \frac{(x - 1)(x + 1)} {x-1}\) for \( x \neq 1\).

Here, we can see that at \( x = 1), the function is not defined (division by zero), but as \( x



\) approaches 1, \( f(x) \) approaches 2. Thus, there is a removable discontinuity at \( x = 1
\). If we redefine \( f(1) = 2\), the function becomes continuous.

How to Solve Problems Involving Removable
Discontinuities

Solving calculus problems that involve removable discontinuities typically requires a
systematic approach. Here are the steps to tackle such problems:

Step 1: Identify the Discontinuity

As previously discussed, find the points where the function is undefined or has a limit that
does not match the function value.

Step 2: Simplify the Function

If possible, simplify the function to remove factors that lead to the discontinuity. This often
makes it easier to calculate limits and determine continuity.

Step 3: Calculate Limits

Determine the limit of the function as it approaches the point of discontinuity from both
sides. If the limit exists and can be matched with a value, the discontinuity can be
removed.

Step 4: Redefine the Function

If applicable, redefine the function at the point of discontinuity to make it continuous. This
often involves assigning a value equal to the limit calculated in the previous step.

Importance of Removable Discontinuities in
Calculus

Understanding removable discontinuities is crucial for several reasons:



¢ Foundation for Limits: They provide insight into the behavior of functions near
points of interest, which is fundamental for understanding limits.

e Continuity Analysis: Identifying these discontinuities helps in the study of
continuous functions and their properties.

e Application in Real-World Problems: Many mathematical models in physics,
engineering, and economics rely on functions that may have removable
discontinuities.

¢ Preparation for Advanced Topics: A solid grasp of removable discontinuities
prepares students for more complex topics in calculus, such as the Intermediate
Value Theorem and the Fundamental Theorem of Calculus.

Removable discontinuities serve as a critical concept in calculus, bridging the
understanding of limits, continuity, and function behavior. Mastery of this topic not only
aids in academic success but also enhances problem-solving skills in various mathematical
applications.

Q: What is a removable discontinuity in calculus?

A: A removable discontinuity is a point at which a function is not defined or does not
match the limit as it approaches that point, yet can be made continuous by redefining the
function at that point.

Q: How can I identify removable discontinuities in a
function?

A: To identify removable discontinuities, check for points where the function is undefined,
analyze the limits from both sides, and see if redefining the function at that point can
create continuity.

Q: Can you give an example of a function with a
removable discontinuity?

A: Yes, consider the function \( f(x) = \frac{x™2 - 1}{x-1}\). At \(x = 1), the function is
undefined, but simplifying shows the limit approaches 2. Redefining \( f(1) = 2 \) removes
the discontinuity.

Q: Why are removable discontinuities important in
calculus?

A: They are important because they help in understanding limits and continuity, which are
foundational concepts in calculus, and are applicable in real-world mathematical



modeling.

Q: How do removable discontinuities differ from other
types of discontinuities?

A: Removable discontinuities can be "fixed" by redefining the function at the discontinuous
point, while other types, such as jump or infinite discontinuities, cannot be resolved in the
same way.

Q: What role do limits play in removable
discontinuities?

A: Limits help determine whether a removable discontinuity exists by showing if the
function approaches a particular value as it nears the point of discontinuity from either
side.

Q: Are removable discontinuities common in calculus
problems?

A: Yes, they are commonly encountered in calculus problems, especially in rational
functions or piecewise-defined functions, making them essential for students to
understand.

Q: How can I practice identifying removable
discontinuities?

A: Practicing through exercises involving rational functions, limits, and continuity
concepts will help in identifying and resolving removable discontinuities effectively.

Q: What is the graphical representation of a removable
discontinuity?

A: The graphical representation of a removable discontinuity typically appears as a hole in
the graph of the function, indicating that the function is undefined at that point but
approaches a specific value.
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