
what is calculus of variations
what is calculus of variations is a branch of mathematical analysis that deals with optimizing
functionals, which are mappings from a set of functions to the real numbers. It plays a crucial role in
various fields such as physics, engineering, and economics by providing a framework for solving
problems that involve finding the best path, shape, or configuration. This article will explore the
fundamental concepts of calculus of variations, including its historical background, key principles,
applications in real-world scenarios, and the methods used to solve variational problems. By
understanding calculus of variations, one can appreciate its significance in both theoretical and
applied mathematics.
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Historical Background
The origins of calculus of variations can be traced back to the early 18th century, primarily through
the work of mathematicians such as Leonhard Euler and Joseph-Louis Lagrange. Euler is often
credited with the foundational developments in this field, addressing problems related to minimizing
the length of a curve. His work laid the groundwork for the formulation of variational principles, which
are essential in many areas of physics and engineering.

During the 19th century, further advancements were made by mathematicians like Karl Weierstrass,
who introduced more rigorous methods to tackle variational problems. The evolution of calculus of
variations has continued into the 20th century, integrating concepts from functional analysis and
modern mathematical techniques. Today, it is recognized as a vital area of research with broad
applications, ranging from classical mechanics to optimization theory.

Fundamental Concepts
Calculus of variations focuses on the optimization of functionals, which are typically expressed in the
form of integrals. A functional takes a function as input and produces a real number. The primary goal



is to determine the function that minimizes or maximizes a given functional.

Functionals and Extremals
A functional \( J[y] \) is usually defined as:

J[y] = ∫ F(x, y(x), y'(x)) dx

where \( F \) is a function that depends on \( x \), \( y(x) \), and its derivative \( y'(x) \). The solutions to
variational problems are called extremals, which are functions that yield either a minimum or
maximum value of the functional.

Variational Problems
Variational problems can be classified into two main categories:

Direct Problems: These involve finding the extremal function for a given functional.

Inverse Problems: These require determining the functional itself based on known extremal
functions.

Key Principles and Theorems
Several key principles guide the study of calculus of variations, with the most notable being the Euler-
Lagrange equation. This equation provides a necessary condition for a function to be an extremal of a
functional.

Euler-Lagrange Equation
The Euler-Lagrange equation is derived from the requirement that the first variation of the functional
must vanish at an extremal. It is expressed as:

∂F/∂y - d/dx (∂F/∂y') = 0

Where \( F \) is the integrand of the functional. Solving this differential equation often yields the
extremal functions sought in variational problems.

Boundary Conditions
Boundary conditions play a crucial role in the solutions of variational problems. They specify the
values that the extremal functions must take at the endpoints of the interval over which the
functional is defined. Common types of boundary conditions include:

Fixed Endpoints: The values of the function are specified at both ends.



Free Endpoints: The values of the function are not specified, allowing for greater flexibility.

Methods of Finding Extremals
To solve variational problems, mathematicians employ several methods, including direct techniques,
perturbation methods, and numerical approaches.

Direct Methods
Direct methods involve finding extremals by solving the Euler-Lagrange equation directly. This
approach is effective when the functional and its derivatives are well-defined. Often, additional
techniques such as the second variation test are used to confirm whether the obtained extremal is
indeed a minimum or maximum.

Numerical Methods
In cases where analytical solutions are impractical or impossible, numerical methods provide an
alternative. Techniques such as the finite element method and the shooting method are commonly
used. These methods discretize the problem, allowing for approximate solutions to be computed using
computational algorithms.

Applications of Calculus of Variations
Calculus of variations has significant applications across various fields. Its principles are integral in
numerous scientific and engineering disciplines.

Physics
In physics, calculus of variations is often used to derive the equations of motion for systems. The
principle of least action states that the path taken by a system between two states is the one that
minimizes the action, a concept central to classical mechanics.

Engineering
Engineers utilize calculus of variations in structural optimization, fluid dynamics, and control theory.
For instance, optimizing the shape of a beam to minimize material usage while maintaining strength
is a classic problem addressed using variational principles.



Economics
In economics, calculus of variations can be applied in resource allocation problems, where the goal is
to maximize utility or minimize costs over time. This approach is particularly useful in dynamic
programming and optimal control theory.

Conclusion
Calculus of variations is a profound area of mathematics that not only enhances our understanding of
optimization problems but also serves as a crucial tool in various scientific and engineering
applications. By exploring its historical development, fundamental concepts, key principles, and
diverse applications, one can appreciate its significance in both theoretical studies and practical
implementations. As research in this field continues to evolve, its impact on technology and science is
likely to grow, paving the way for new discoveries and advancements.

FAQ

Q: What are some common examples of variational problems?
A: Common examples include the shortest path problem, the brachistochrone problem (finding the
fastest path between two points under gravity), and the problem of finding the shape of a hanging
cable (catenary).

Q: How does the Euler-Lagrange equation help in solving
variational problems?
A: The Euler-Lagrange equation provides a necessary condition for a function to be an extremal of a
functional, allowing mathematicians to derive equations that the extremal functions must satisfy.

Q: Can calculus of variations be applied in modern
technology?
A: Yes, calculus of variations is widely used in fields like robotics, aerospace engineering, and
computer graphics, where optimization of paths and shapes is essential for performance and
efficiency.

Q: What role do boundary conditions play in calculus of
variations?
A: Boundary conditions specify the values that extremal functions must take at the endpoints of the
interval, significantly influencing the nature and existence of solutions to variational problems.



Q: Are there any software tools for solving variational
problems?
A: Yes, various software tools and programming languages, such as MATLAB, Mathematica, and
Python libraries, provide functionalities for solving variational problems using numerical methods.

Q: How is calculus of variations related to optimization
theory?
A: Calculus of variations is a branch of optimization theory that specifically focuses on functionals and
their extremization, offering techniques and methods applicable to a broader range of optimization
problems.

Q: What are some challenges faced in calculus of variations?
A: Challenges include the complexity of deriving solutions for non-linear functionals, the need for
rigorous boundary conditions, and the computational difficulties associated with numerical methods
for higher-dimensional problems.

Q: Is calculus of variations only applicable to continuous
functions?
A: While calculus of variations primarily deals with continuous functions, there are extensions and
generalizations that apply to discrete functions and problems, which are particularly useful in
computational contexts.

Q: How has calculus of variations evolved over time?
A: Since its inception in the 18th century, calculus of variations has evolved through the incorporation
of more rigorous mathematical frameworks, such as functional analysis, and has expanded its
applicability across various scientific and engineering disciplines.
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  what is calculus of variations: Calculus of Variations A. M. Arthurs, 1975
  what is calculus of variations: Introduction To The Calculus of Variations And Its
Applications Frederic Wan, 2017-10-19 This comprehensive text provides all information necessary
for an introductory course on the calculus of variations and optimal control theory. Following a
thorough discussion of the basic problem, including sufficient conditions for optimality, the theory
and techniques are extended to problems with a free end point, a free boundary, auxiliary and
inequality constraints, leading to a study of optimal control theory.
  what is calculus of variations: Calculus of Variations I Mariano Giaquinta, Stefan
Hildebrandt, 2004-06-23 This two-volume treatise is a standard reference in the field. It pays special
attention to the historical aspects and the origins partly in applied problems—such as those of
geometric optics—of parts of the theory. It contains an introduction to each chapter, section, and
subsection and an overview of the relevant literature in the footnotes and bibliography. It also
includes an index of the examples used throughout the book.
  what is calculus of variations: The Calculus of Variations N.I. Akhiezer, 1988-01-01 An
authoritative text on the calculus of variations for first-year graduate students. From a study of the
simplest problem it goes on to cover Lagrangian derivatives, Jacobi’s condition, and field theory.
Devotes considerable attention to direct methods and the Sturm-Liouville problem in a finite
interval. Contains numerous interesting and challenging exercises plus five appendices on important
results, generalizations, and applications of the material,
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GUPTA, A. S., 1996-01-01 Calculus of variations is one of the most important mathematical tools of
great scientific significance used by scientistis and engineers. Unfortunately, a few books that are
available are written at a level which is not easily comprehensible for postgraduate students.This
book, written by a highly respected academic, presents the materials in a lucid manner so as to be
within the easy grasp of the students with some background in calculus, differential equations and
functional analysis. The aim is to give a thorough and systematic analysis of various aspects of
calculus of variations.
  what is calculus of variations: An Introduction to the Calculus of Variations Charles Fox,
1987-01-01 In this highly regarded text for advanced undergraduate and graduate students, the
author develops the calculus of variations both for its intrinsic interest and for its powerful
applications to modern mathematical physics. Topics include first and second variations of an
integral, generalizations, isoperimetrical problems, least action, special relativity, elasticity, more.
1963 edition.
  what is calculus of variations: Lectures on the Calculus of Variations and Optimal
Control Theory Laurence Chisholm Young, 2000 This book is divided into two parts. The first
addresses the simpler variational problems in parametric and nonparametric form. The second
covers extensions to optimal control theory. The author opens with the study of three classical
problems whose solutions led to the theory of calculus of variations. They are the problem of
geodesics, the brachistochrone, and the minimal surface of revolution. He gives a detailed discussion
of the Hamilton-Jacobi theory, both in the parametric and nonparametric forms. This leads to the
development of sufficiency theories describing properties of minimizing extremal arcs. Next, the
author addresses existence theorems. He first develops Hilbert's basic existence theorem for
parametric problems and studies some of its consequences. Finally, he develops the theory of
generalized curves and automatic existence theorems. In the second part of the book, the author
discusses optimal control problems. He notes that originally these problems were formulated as
problems of Lagrange and Mayer in terms of differential constraints. In the control formulation,
these constraints are expressed in a more convenient form in terms of control functions. After
pointing out the new phenomenon that may arise, namely, the lack of controllability, the author
develops the maximum principle and illustrates this principle by standard examples that show the
switching phenomena that may occur. He extends the theory of geodesic coverings to optimal
control problems. Finally, he extends the problem to generalized optimal control problems and



obtains the corresponding existence theorems.
  what is calculus of variations: Calculus of Variations Gilbert Ames Bliss, 1925-12-31 The
development of the calculus of variations has, from the beginning, been interlaced with that of the
differential and integral calculus. Without any knowledge of the calculus, one can readily understand
at least the geometrical or mechanical statements of many of the problems of the calculus of
variations and the character of their solutions. The discovery and justification of the results in this
book, apart from their simple statements, do require, however, acquaintance with the principles of
the calculus, and it is assumed that the reader has such an acquaintance. Calculus of Variations
begins by studying special problems rather than the general theory. The first chapter of the book
describes the historical setting out of which the theory of the calculus of variations grew and the
character of some of the simpler problems. The next three chapters are devoted to the development,
in detail, of the then known results for three special problems (shortest distances, brachistochrone,
and surfaces of revolution of minimum area) which illustrate in excellent fashion the essential
characteristics of the general theory contained in Chapter V with which the book concludes.
  what is calculus of variations: Calculus of Variations Lev D. Elsgolc, 2007-01-15 This
concise text offers both professionals and students an introduction to the fundamentals and standard
methods of the calculus of variations. In addition to surveys of problems with fixed and movable
boundaries, it explores highly practical direct methods for the solution of variational problems.
Topics include the method of variation in problems with fixed boundaries; variational problems with
movable boundaries and other problems; sufficiency conditions for an extremum; variational
problems of constrained extrema; and direct methods of solving variational problems. Each chapter
features numerous illustrative problems, and solutions appear at the end.
  what is calculus of variations: Multiple Integrals in the Calculus of Variations Charles
Bradfield Morrey Jr., 2009-11-03 From the reviews: ...the book contains a wealth of material
essential to the researcher concerned with multiple integral variational problems and with elliptic
partial differential equations. The book not only reports the researches of the author but also the
contributions of his contemporaries in the same and related fields. The book undoubtedly will
become a standard reference for researchers in these areas. ...The book is addressed mainly to
mature mathematical analysts. However, any student of analysis will be greatly rewarded by a
careful study of this book. M. R. Hestenes in Journal of Optimization Theory and Applications The
work intertwines in masterly fashion results of classical analysis, topology, and the theory of
manifolds and thus presents a comprehensive treatise of the theory of multiple integral variational
problems. L. Schmetterer in Monatshefte für Mathematik The book is very clearly exposed and
contains the last modern theory in this domain. A comprehensive bibliography ends the book. M.
Coroi-Nedeleu in Revue Roumaine de Mathématiques Pures et Appliquées
  what is calculus of variations: Computational Methods In The Fractional Calculus Of
Variations Ricardo Almeida, Shakoor Pooseh, Delfim F M Torres, 2015-03-19 This book fills a gap in
the literature by introducing numerical techniques to solve problems of fractional calculus of
variations (FCV). In most cases, finding the analytic solution to such problems is extremely difficult
or even impossible, and numerical methods need to be used.The authors are well-known researchers
in the area of FCV and the book contains some of their recent results, serving as a companion
volume to Introduction to the Fractional Calculus of Variations by A B Malinowska and D F M
Torres, where analytical methods are presented to solve FCV problems. After some preliminaries on
the subject, different techniques are presented in detail with numerous examples to help the reader
to better understand the methods. The techniques presented may be used not only to deal with FCV
problems but also in other contexts of fractional calculus, such as fractional differential equations
and fractional optimal control. It is suitable as an advanced book for graduate students in
mathematics, physics and engineering, as well as for researchers interested in fractional calculus.
  what is calculus of variations: Lecture Notes On Calculus Of Variations Kung-ching Chang,
2016-09-16 This is based on the course 'Calculus of Variations' taught at Peking University from
2006 to 2010 for advanced undergraduate to graduate students majoring in mathematics. The book



contains 20 lectures covering both the theoretical background material as well as an abundant
collection of applications. Lectures 1-8 focus on the classical theory of calculus of variations.
Lectures 9-14 introduce direct methods along with their theoretical foundations. Lectures 15-20
showcase a broad collection of applications. The book offers a panoramic view of the very important
topic on calculus of variations. This is a valuable resource not only to mathematicians, but also to
those students in engineering, economics, and management, etc.
  what is calculus of variations: Introduction to the Calculus of Variations William Elwood
Byerly, 1917
  what is calculus of variations: The Calculus of Variations Bruce van Brunt, 2006-04-18
Suitable for advanced undergraduate and graduate students of mathematics, physics, or
engineering, this introduction to the calculus of variations focuses on variational problems involving
one independent variable. It also discusses more advanced topics such as the inverse problem,
eigenvalue problems, and Noether’s theorem. The text includes numerous examples along with
problems to help students consolidate the material.
  what is calculus of variations: A Treatise on Isoperimetrical Problems and the Calculus of
Variations Robert Woodhouse, 1810
  what is calculus of variations: The Calculus of Variations and Optimal Control George
Leitmann, 1981-05-31 This book is intended to present an introductory treatment of the calculus of
variations in Part I and of optimal control theory in Part II. The discussion in Part I is restricted to
the simplest problem of the calculus of variations. The topic is entirely classical; all of the basic
theory had been developed before the turn of the century. Consequently the material comes from
many sources.
  what is calculus of variations: Direct Methods in the Calculus of Variations Enrico Giusti,
2003 This book provides a comprehensive discussion on the existence and regularity of minima of
regular integrals in the calculus of variations and of solutions to elliptic partial differential equations
and systems of the second order. While direct methods for the existence of solutions are well known
and have been widely used in the last century, the regularity of the minima was always obtained by
means of the Euler equation as a part of the general theory of partial differential equations. In this
book, using the notion of the quasi-minimum introduced by Giaquinta and the author, the direct
methods are extended to the regularity of the minima of functionals in the calculus of variations, and
of solutions to partial differential equations. This unified treatment offers a substantial economy in
the assumptions, and permits a deeper understanding of the nature of the regularity and
singularities of the solutions. The book is essentially self-contained, and requires only a general
knowledge of the elements of Lebesgue integration theory. Contents: Semi-Classical Theory;
Measurable Functions; Sobolev Spaces; Convexity and Semicontinuity; Quasi-Convex Functionals;
Quasi-Minima; HAlder Continuity; First Derivatives; Partial Regularity; Higher Derivatives.
Readership: Graduate students, academics and researchers in the field of analysis and differential
equations.
  what is calculus of variations: Translations of Mathematical Monographs , 1962
  what is calculus of variations: Classical Mechanics with Calculus of Variations and
Optimal Control Mark Levi, 2014-03-07 This is an intuitively motivated presentation of many topics
in classical mechanics and related areas of control theory and calculus of variations. All topics
throughout the book are treated with zero tolerance for unrevealing definitions and for proofs which
leave the reader in the dark. Some areas of particular interest are: an extremely short derivation of
the ellipticity of planetary orbits; a statement and an explanation of the tennis racket paradox; a
heuristic explanation (and a rigorous treatment) of the gyroscopic effect; a revealing equivalence
between the dynamics of a particle and statics of a spring; a short geometrical explanation of
Pontryagin's Maximum Principle, and more. In the last chapter, aimed at more advanced readers,
the Hamiltonian and the momentum are compared to forces in a certain static problem. This gives a
palpable physical meaning to some seemingly abstract concepts and theorems. With minimal
prerequisites consisting of basic calculus and basic undergraduate physics, this book is suitable for



courses from an undergraduate to a beginning graduate level, and for a mixed audience of
mathematics, physics and engineering students. Much of the enjoyment of the subject lies in solving
almost 200 problems in this book.
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