fundamental theorem of calculus part 2

fundamental theorem of calculus part 2 serves as a crucial bridge between the concepts of
differentiation and integration, encapsulating the relationship between these two fundamental
operations in calculus. This theorem not only provides a method for evaluating definite integrals but
also highlights the profound connection between the antiderivative of a function and its integral. By
understanding the second part of the fundamental theorem of calculus, students and professionals
can gain deeper insights into the behavior of functions, the area under curves, and the practical
applications of calculus in various fields such as physics, engineering, and economics. This article will
delve into the statement and proof of the theorem, explore its significance, and discuss examples and
applications, making it an essential read for anyone looking to master this foundational concept in
mathematics.
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Understanding the Fundamental Theorem of Calculus
Part 2

The fundamental theorem of calculus part 2 formally connects the concept of integration with
differentiation, showing how the two operations are inverses of each other. This part of the theorem
states that if a function is continuous on a closed interval and has an antiderivative, then the definite
integral of that function can be computed using its antiderivative. This relationship is crucial for
simplifying the process of finding areas under curves, as it allows for the evaluation of integrals
through antiderivatives rather than limiting processes.

Essentially, the second part of the fundamental theorem asserts that if \( f\) is continuous on \([a, b]\)
and \( F\) is an antiderivative of \( f\) on that interval, then the integral of \( f\) from\(a\) to\( b)) is
given by the difference \( F(b) - F(a) \). This powerful result provides a practical tool for calculating
definite integrals, making it a cornerstone of calculus education and application.



Statement of the Theorem

The formal statement of the fundamental theorem of calculus part 2 can be expressed as follows:
If\( f\) is a continuous function on the interval \([a, b]\) and \( F ) is defined by:

\( F(x) =\int_{a} " {x} f(t) \, dt\\), for all \( x \) in'\([a, b]\)

Then \( F\) is continuous on \([a, b]\), differentiable on \((a, b)\), and its derivative is:

\( F'(x) = f(x) \) for all \( x \) in \((a, b)\).

Furthermore, the definite integral can be computed as:

\(\int_{a}~{b} f(x) \, dx = F(b) - F(a) \).

Proof of the Fundamental Theorem of Calculus Part 2

The proof of the fundamental theorem of calculus part 2 relies on the properties of continuity and
differentiability. To show that \( F(x) \) defined as \( \int_{a}~{x} f(t) \, dt\) has the derivative \( F'(x)
= f(x) \), we proceed as follows:

1. Consider the increment: Start by examining the increment of \( F\) as \( x \) approaches \( c\) from
the left. We have:

\( F(c + h) - F(c) =\int_{a}"~{c+h} f(t) \, dt - \int_{a}"~{c} f(t) \, dt =\int_{c}~{c+h} f(t) \, dt\).

2. Apply the Mean Value Theorem for Integrals: Since \( f\) is continuous over the interval \([c, c+h]\),
there exists a \( \xi \) in \((c, c+h)\) such that:

\(\int_{c}"~{c+h} f(t) \, dt = f(\xi)h \).
3. Taking the limit: Thus, we can write:
\( F'(c) =\lim_{h \to 0} \frac{F(c + h) - F(c)}{h} = \lim_{h\to 0} f(\xi) = f(c) \).

This establishes that \( F'(x) = f(x) \), confirming the differentiation of the integral. Furthermore, to
prove the integral from \( a\) to \( b\), we can use the previous results to conclude that:

\(\int_{a}~{b} f(x) \, dx = F(b) - F(a) \).



Applications of the Theorem

The fundamental theorem of calculus part 2 has numerous applications across various fields,
including mathematics, physics, and engineering. Its primary application lies in evaluating definite
integrals, which are essential for calculating areas under curves, total accumulated change, and other
quantitative measures. Here are some significant applications:

¢ Area Calculation: Used to determine the area between curves, which is fundamental in
geometry and physics.

* Physics: Applied to find quantities like displacement, distance, and work done by forces over
an interval.

e Economics: Utilized in calculating consumer and producer surplus, which involves integrals of
demand and supply functions.

e Biology: Helps in modeling population dynamics and resource consumption rates over time.

Examples lllustrating the Theorem

To further clarify the fundamental theorem of calculus part 2, consider the following examples:

Example 1: Area Under a Simple Curve

Let \( f(x) = x~{2} \). We want to calculate the area under the curve from\( x = 1\) to\( x = 3\).
First, we find the antiderivative:

\( F(x) =\frac{x"{3}}{3} + C\).
According to the theorem:
\(\int_{1}7~{3} f(x) \, dx = F(3) - F(1) = \left(\frac{3~ {3} }{3}\right) - \left(\frac{1~ {3} }{3}\right) =

9 -\frac{1}{3} = \frac{26}{3} ).

Example 2: Application in Physics

Consider a velocity function \( v(t) = 4t\) representing the speed of an object at time \( t). To find
the displacement from\(t=0\)to\(t = 2\), we apply the theorem:



First, we find the antiderivative:
\(s(t) =\int v(t) dt = 2t~ {2} + C\).
Now, applying the theorem:

\(s(2) -s(0) = (2(2~{2})) - (2(0~{2})) =8 -0 = 8)). Thus, the total displacement is 8 units.

Conclusion

The fundamental theorem of calculus part 2 is a pivotal concept that not only simplifies the process of
evaluating definite integrals but also provides a profound understanding of the interplay between
differentiation and integration. By establishing the relationship between a function and its
antiderivative, this theorem allows for practical applications across various fields, making it an
essential area of study for students and professionals alike. Mastery of this theorem enhances one’s
ability to approach complex problems in calculus and apply these concepts effectively in real-world
scenarios.

Q: What is the fundamental theorem of calculus part 2?

A: The fundamental theorem of calculus part 2 states that if a function is continuous on a closed
interval and has an antiderivative, then the definite integral of that function can be computed using
its antiderivative. Specifically, if \( F\) is an antiderivative of \( f\), then \(\int_{a}~{b} f(x) \, dx =
F(b) - F(a) \).

Q: Why is the fundamental theorem of calculus important?

A: The fundamental theorem of calculus is important because it provides a powerful connection
between differentiation and integration, allowing for the easy evaluation of definite integrals. This
relationship is foundational in calculus and has numerous applications across various disciplines.

Q: How do you find the antiderivative of a function?

A: To find the antiderivative of a function, one must determine a function \( F \) such that \( F'(x) = f(x)
\). This often involves applying rules of integration and may require techniques like substitution or
integration by parts.

Q: Can the fundamental theorem of calculus be applied to
discontinuous functions?

A: The fundamental theorem of calculus part 2 specifically requires that the function be continuous on
the closed interval. If the function has discontinuities, the theorem may not hold, and one must



analyze the integral piecewise or use other methods.

Q: What are some applications of the fundamental theorem of
calculus?

A: Applications of the fundamental theorem of calculus include calculating areas under curves,
determining displacement in physics, assessing consumer and producer surplus in economics, and
modeling population dynamics in biology.

Q: How does the fundamental theorem of calculus relate to
real-world problems?

A: The fundamental theorem of calculus relates to real-world problems by providing a method to
calculate quantities such as area, distance, and total accumulated change over time. This is crucial in
fields like physics, engineering, and economics, where such calculations are often necessary.

Q: What is the significance of continuity in the fundamental
theorem of calculus?

A: Continuity is significant in the fundamental theorem of calculus because it ensures that the
function behaves nicely over the interval in question, allowing for the existence of an antiderivative.
Without continuity, the theorem may not apply, and the integral may not be defined in a
straightforward manner.

Q: Can you give an example of how to apply the fundamental
theorem of calculus?

A: Yes, for example, to find the area under the curve of \( f(x) = x~2\) from\(x =1\)to\( x = 3),
we find the antiderivative \( F(x) = \frac{x"~3}{3} \) and then compute \(\int {1}"~{3} x*2\, dx =
F(3) - F(1) = \frac{26} {3} ).

Q: What is an antiderivative?

A: An antiderivative of a function \( f(x) \) is a function \( F(x) \) such that \( F'(x) = f(x) \). It represents
a function whose derivative yields the original function.

Q: How does the fundamental theorem of calculus assist in
numerical integration?

A: The fundamental theorem of calculus assists in numerical integration by providing a theoretical
basis for numerical methods that approximate the area under curves. By knowing the relationship



between a function and its antiderivative, one can apply techniques like Simpson's rule or the
trapezoidal rule more effectively.
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