
rees algebra
rees algebra is a significant area of study in modern mathematics that
focuses on the properties and applications of algebraic structures known as
Rees rings. This article will explore the foundational concepts of Rees
algebra, its applications in algebraic geometry, and its relevance to
commutative algebra. Additionally, we will delve into the construction of
Rees algebras, their homological properties, and their connection to ideals
and varieties. This comprehensive examination will provide insights into how
Rees algebra is utilized in various mathematical disciplines, making it a
crucial topic for researchers and students alike.
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Introduction to Rees Algebra

Rees algebra can be defined as a construction that associates a graded ring
to an ideal of a polynomial ring. This concept was introduced by
mathematician David Rees in the 1960s and has since become an essential tool
in various branches of algebra. The primary focus of Rees algebra is to study
the properties of ideals and their associated varieties, providing a
framework for understanding the structure of algebraic objects.

At its core, Rees algebra allows mathematicians to translate problems
involving ideals into problems involving rings, making it easier to apply
techniques from commutative algebra. This transformation is particularly
useful in algebraic geometry, where the relationships between varieties and
their defining ideals play a critical role in the study of geometric
properties. In this section, we will discuss the fundamental notions of Rees
algebra, including its definition, significance, and basic examples.



Key Concepts in Rees Algebra

To grasp the principles of Rees algebra, it is essential to understand
several key concepts that underpin its structure and applications.

Definition of Rees Algebra

Rees algebra is constructed from a given ideal \( I \) in a polynomial ring
\( R[x] \). The Rees algebra \( R[I] \) is defined as the following graded
ring:

\[
R[I] = \bigoplus_{n \geq 0} I^n t^n \subset R[t]
\]

Here, \( t \) is an indeterminate, and \( I^n \) represents the \( n \)-th
power of the ideal \( I \). This definition emphasizes the graded nature of
the Rees algebra, which is crucial for understanding its structural
properties.

Graded Rings and Ideals

Graded rings are rings that can be decomposed into a direct sum of abelian
groups, each indexed by non-negative integers. In the context of Rees
algebra, the grading arises from the powers of the ideal \( I \). The grading
allows for the examination of the structures at different "levels,"
facilitating a deeper understanding of the ideal's properties.

Additionally, the concept of ideals is central to Rees algebra. An ideal is a
special subset of a ring that absorbs multiplication by elements of the ring.
The study of ideals and their relationships to varieties is essential in both
algebra and geometry.

Construction of Rees Algebras

The construction of Rees algebras involves several steps that highlight their
inherent properties and applications.

Step-by-Step Construction

To construct the Rees algebra for a given ideal \( I \) in a polynomial ring
\( R[x] \), follow these steps:



Identify the polynomial ring \( R[x] \) and the ideal \( I \) within it.1.

Define the indeterminate \( t \) and consider the ring \( R[t] \).2.

Formulate the direct sum of the powers of \( I \): \( \bigoplus_{n \geq3.
0} I^n t^n \).

Establish the graded ring structure that allows the manipulation and4.
interpretation of elements.

Through these steps, mathematicians can explore the properties of \( R[I] \)
and its relations to other algebraic structures.

Examples of Rees Algebras

Understanding specific examples of Rees algebras illuminates their
applications and significance. Common examples include:

The Rees algebra of the ideal generated by a single polynomial.

The Rees algebra associated with an ideal in a local ring.

Rees algebras arising from multiple generators, illustrating more
complex structures.

These examples serve to demonstrate the versatility of Rees algebra in
various contexts.

Applications of Rees Algebra

Rees algebra has numerous applications across different mathematical fields,
notably in algebraic geometry and commutative algebra.

Algebraic Geometry

In algebraic geometry, Rees algebra provides a framework for studying the
relationships between ideals and their corresponding varieties. The geometric
interpretation of Rees algebras allows for a deeper understanding of the
singularities and intersections of varieties.



Commutative Algebra

Rees algebra also plays a crucial role in commutative algebra, particularly
in the study of ideals and their properties. The connections between Rees
algebras and primary decomposition, as well as the interplay between
different types of rings, are of significant interest in the field.

Homological Aspects of Rees Algebras

The homological properties of Rees algebras are critical for understanding
their structure and applications. This section will explore some of the key
homological concepts.

Homological Dimensions

Homological dimensions, such as projective and injective dimensions, are
essential tools in studying Rees algebras. The projective dimension of a Rees
algebra can reveal information about the ideal’s behavior and its associated
varieties.

Derived Categories

Derived categories provide an advanced framework for examining the
relationships between different algebraic structures. Rees algebras can be
studied within this context, offering insights into their derived functors
and other homological characteristics.

Conclusion

Rees algebra is a powerful concept that bridges various domains within
mathematics, particularly algebraic geometry and commutative algebra. By
providing a structured way to study ideals and their associated varieties,
Rees algebra has become a vital tool for mathematicians. Its applications and
homological properties continue to be a rich area for research and
exploration, underscoring its significance in contemporary mathematics.

Frequently Asked Questions



Q: What is the significance of Rees algebra in
algebraic geometry?
A: Rees algebra is significant in algebraic geometry as it provides a
framework for analyzing the relationship between ideals and varieties,
facilitating the study of geometric properties and singularities.

Q: How does Rees algebra relate to commutative
algebra?
A: In commutative algebra, Rees algebra helps in understanding the structure
of ideals and their interactions within rings, providing tools for analyzing
properties such as primary decomposition.

Q: Can you give an example of a Rees algebra?
A: An example of a Rees algebra is the Rees algebra of the ideal generated by
a single polynomial in \( R[x] \), which forms a graded ring that captures
the properties of that ideal.

Q: What are the homological properties of Rees
algebras?
A: The homological properties of Rees algebras include their projective and
injective dimensions, which help in understanding the behavior of ideals and
their relationships in a broader algebraic context.

Q: How are Rees algebras constructed?
A: Rees algebras are constructed by taking an ideal in a polynomial ring,
defining a new indeterminate, and forming a direct sum of the powers of the
ideal multiplied by that indeterminate, resulting in a graded ring.

Q: What role do Rees algebras play in studying
varieties?
A: Rees algebras play a critical role in studying varieties by providing a
means to translate problems about varieties into problems about rings and
ideals, facilitating easier analysis and understanding.

Q: Are Rees algebras only applicable to polynomial



rings?
A: While Rees algebras are primarily constructed from polynomial rings, the
concepts can be extended to other types of rings, making them a versatile
tool in algebra.

Q: What is the relationship between Rees algebra and
primary decomposition?
A: Rees algebra is closely related to primary decomposition as it allows for
the analysis of ideals in terms of their primary components, aiding in the
understanding of their structure and behavior.

Q: How does Rees algebra contribute to modern
research in mathematics?
A: Rees algebra contributes to modern research by providing a framework for
exploring complex relationships between algebraic structures, leading to new
insights in both algebra and geometry.
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