linear algebra is hard

linear algebra is hard for many students and professionals alike, becoming a significant hurdle in the
learning process. This branch of mathematics deals with vectors, matrices, and linear transformations,
and is foundational in various fields such as engineering, physics, computer science, and economics.
Understanding why linear algebra is perceived as difficult requires delving into its abstract concepts,
the mathematical rigor involved, and the applications that demand a solid grasp of its principles. This
article explores the challenges posed by linear algebra, its importance in various disciplines, common
misconceptions, effective study strategies, and resources to enhance understanding.
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Understanding Linear Algebra

Linear algebra is a branch of mathematics that focuses on vector spaces and linear mappings between



these spaces. It involves the study of lines, planes, and subspaces, but extends into higher
dimensions, making it a critical area of study in both pure and applied mathematics. The core concepts
of linear algebra include vectors, matrices, determinants, eigenvalues, and eigenvectors, which serve

as tools for solving systems of linear equations and transforming geometric data.

Vectors are entities characterized by both magnitude and direction, often represented as arrays of
numbers. Matrices, on the other hand, are rectangular arrays of numbers that can represent linear
transformations and systems of linear equations. The interplay between vectors and matrices is

fundamental in understanding how to manipulate and solve problems in linear algebra.

Why Linear Algebra is Hard

Many students find linear algebra challenging for several reasons, primarily due to its abstract nature
and the depth of understanding required to apply its concepts effectively. Here are some key factors

contributing to the perception that linear algebra is hard:

e Abstract Concepts: Linear algebra often requires a departure from concrete numerical

calculations to abstract reasoning about spaces and transformations.

¢ Multiple Dimensions: Unlike basic algebra, which typically deals with one or two dimensions,

linear algebra can involve n-dimensional spaces, complicating visualization and comprehension.

e Mathematical Rigor: The proofs and theoretical underpinnings in linear algebra require a solid

grasp of logic and mathematical reasoning, which can be daunting for learners.

» Varied Applications: The diverse applications of linear algebra across different fields mean that

learners must not only master the math but also understand how to apply it contextually.

These elements combine to create a steep learning curve, where students may feel overwhelmed by

the combination of theory and practical application.



Applications of Linear Algebra

Despite the challenges, linear algebra is immensely valuable and widely applicable in various fields. Its

principles are foundational in areas such as:

Computer Science: Algorithms in computer graphics, machine learning, and data analysis heavily

rely on linear algebra for processing and manipulating data.

¢ Engineering: In fields like electrical and mechanical engineering, linear algebra is crucial for

system modeling and solving complex network problems.

Physics: Concepts like quantum mechanics utilize linear algebra to describe states and systems,

making it essential for theoretical physics.

Economics: Econometric models often employ linear algebra to analyze economic data and

forecast trends.

These applications illustrate that, while linear algebra may be difficult, its relevance and utility across

various domains underscore the importance of mastering its concepts.

Common Misconceptions

Many misconceptions about linear algebra can hinder students' understanding and appreciation of the
subject. Addressing these misconceptions is key to overcoming the challenges associated with

learning linear algebra. Some common misconceptions include:

e Linear Algebra is Just About Solving Equations: While solving systems of equations is a part of
linear algebra, the subject is much broader, encompassing concepts like vector spaces and

transformations.



e It’s Only Relevant for Advanced Mathematics: Linear algebra is applicable even in basic data

analysis, making it relevant for students in various disciplines.

e Only Mathematicians Use Linear Algebra: This is false; professionals in computer science,

physics, engineering, and economics regularly apply linear algebra in their work.

Understanding these misconceptions can help learners approach linear algebra with a clearer mindset

and greater motivation.

Effective Study Strategies

To tackle the difficulties of linear algebra, students can employ several effective study strategies.

These strategies can enhance understanding and retention of complex concepts:

Visualization: Use graphical representations of vectors and transformations to understand

concepts better.

Practice Regularly: Consistent practice with problems helps reinforce concepts and improve

problem-solving skills.

Study Groups: Collaborating with peers can provide different perspectives and clarify doubts

through discussion.

Use Online Resources: Many online platforms offer tutorials, video lectures, and interactive tools

to aid learning.

Incorporating these strategies into study routines can significantly improve comprehension and

performance in linear algebra.



Resources for Learning Linear Algebra

Numerous resources are available for students seeking to improve their understanding of linear

algebra. Utilizing a variety of resources can cater to different learning styles and preferences:

» Textbooks: Standard textbooks like "Linear Algebra and Its Applications" by Gilbert Strang

provide comprehensive coverage of the subject.

¢ Online Courses: Platforms such as Coursera and edX offer structured courses taught by

university professors.

¢ YouTube Channels: Educational channels provide video explanations and visual aids that can

simplify complex topics.

¢ Interactive Software: Tools like MATLAB or GeoGebra can help visualize and manipulate linear

algebra concepts.

These resources can aid students in overcoming their difficulties with linear algebra, providing multiple

avenues for learning and exploration.

Conclusion

Linear algebra is hard, but its challenges can be met with the right approach and mindset. By
understanding the nature of linear algebra, recognizing its applications, dispelling common
misconceptions, and employing effective study strategies, students can navigate this complex subject
more successfully. The key lies in perseverance and the willingness to engage deeply with the
material. As students overcome their initial hurdles, they will find that the tools and insights gained

from linear algebra are invaluable in both academic and professional contexts.



Q: Why do many students struggle with linear algebra?

A: Many students struggle with linear algebra due to its abstract concepts, the complexity of multi-
dimensional spaces, and the rigorous mathematical reasoning required. The transition from concrete

calculations to abstract problem-solving can be particularly challenging.

Q: What are some practical applications of linear algebra?

A: Linear algebra is used in various fields, including computer science for algorithms in graphics and
machine learning, engineering for system modeling, physics for quantum mechanics, and economics

for analyzing data trends.

Q: How can | improve my understanding of linear algebra?

A: To improve understanding, students can employ strategies such as visualization of concepts,
regular practice, collaboration in study groups, and utilizing online resources and tutorials to reinforce

learning.

Q: Are there common misconceptions about linear algebra?

A: Yes, common misconceptions include the belief that linear algebra is solely about solving equations,
that it is only relevant for advanced mathematics, and that it is only used by mathematicians, when in

fact it has wide applications across various fields.

Q: What study resources are recommended for linear algebra?

A: Recommended resources include textbooks like "Linear Algebra and Its Applications" by Gilbert
Strang, online courses on platforms such as Coursera, educational YouTube channels, and interactive

software like MATLAB or GeoGebra.



Q: What is the importance of eigenvalues and eigenvectors in linear
algebra?

A: Eigenvalues and eigenvectors are crucial in linear algebra as they provide insights into the
properties of linear transformations and systems, allowing for simplification of complex problems,

particularly in fields like physics and data science.

Q: Can linear algebra be self-taught effectively?

A: Yes, linear algebra can be self-taught effectively through a combination of textbooks, online
courses, practice problems, and utilizing interactive software to grasp concepts and applications

thoroughly.

Q: How does linear algebra relate to other areas of mathematics?

A: Linear algebra is interconnected with various areas of mathematics, including calculus, differential
equations, and statistics, as it often provides the foundational tools necessary for understanding more

complex mathematical concepts.

Q: Is linear algebra necessary for advanced studies in science and
engineering?

A: Yes, linear algebra is essential for advanced studies in science and engineering, as it is
foundational for understanding complex systems, modeling real-world phenomena, and performing

data analysis in research and professional applications.



Q: What mindset is beneficial when studying linear algebra?

A: A growth mindset is beneficial when studying linear algebra, as it encourages perseverance,
openness to challenges, and a willingness to engage with complex material, ultimately leading to a

deeper understanding and mastery of the subject.
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linear algebra is hard: Advanced Topics in Linear Algebra Kevin O'Meara, John Clark, Charles
Vinsonhaler, 2011-09-16 This book develops the Weyr matrix canonical form, a largely unknown
cousin of the Jordan form. It explores novel applications, including include matrix commutativity
problems, approximate simultaneous diagonalization, and algebraic geometry. Module theory and
algebraic geometry are employed but with self-contained accounts.

linear algebra is hard: Linear Optimization Problems with Inexact Data Miroslav Fiedler,
Josef Nedoma, Jaroslav Ramik, Jiri Rohn, Karel Zimmermann, 2006-07-18 Linear programming
attracted the interest of mathematicians during and after World War II when the first computers
were constructed and methods for solving large linear programming problems were sought in
connection with specific practical problems—for example, providing logistical support for the U.S.
Armed Forces or modeling national economies. Early attempts to apply linear programming methods
to solve practical problems failed to satisfy expectations. There were various reasons for the failure.
One of them, which is the central topic of this book, was the inexactness of the data used to create
the models. This phenomenon, inherent in most pratical problems, has been dealt with in several
ways. At first, linear programming models used average values of inherently vague coefficients, but
the optimal solutions of these models were not always optimal for the original problem itself. Later
researchers developed the stochastic linear programming approach, but this too has its limitations.
Recently, interest has been given to linear programming problems with data given as intervals,
convex sets and/or fuzzy sets. The individual results of these studies have been promising, but the
literature has not presented a unified theory. Linear Optimization Problems with Inexact Data
attempts to present a comprehensive treatment of linear optimization with inexact data,
summarizing existing results and presenting new ones within a unifying framework.

linear algebra is hard: High Performance Computing for Computational Science -
VECPAR 2016 Inés Dutra, Rui Camacho, Jorge Barbosa, Osni Marques, 2017-07-13 This book
constitutes the thoroughly refereed post-conference proceedings of the 12fth International
Conference on High Performance Computing in Computational Science, VECPAR 2016, held in
Porto, Portugal, in June 2016. The 20 full papers presented were carefully reviewed and selected
from 36 submissions. The papers are organized in topical sections on applications; performance
modeling and analysis; low level support; environments/libraries to support parallelization.

linear algebra is hard: Applied and Computational Matrix Analysis Natalia Bebiano,
2017-03-01 This volume presents recent advances in the field of matrix analysis based on
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contributions at the MAT-TRIAD 2015 conference. Topics covered include interval linear algebra and
computational complexity, Birkhoff polynomial basis, tensors, graphs, linear pencils, K-theory and
statistic inference, showing the ubiquity of matrices in different mathematical areas. With a
particular focus on matrix and operator theory, statistical models and computation, the International
Conference on Matrix Analysis and its Applications 2015, held in Coimbra, Portugal, was the sixth in
a series of conferences. Applied and Computational Matrix Analysis will appeal to graduate students
and researchers in theoretical and applied mathematics, physics and engineering who are seeking
an overview of recent problems and methods in matrix analysis.

linear algebra is hard: Understanding in Mathematics Anna Sierpinska, 2013-01-11 The
concept of understanding in mathematics with regard to mathematics education is considered in this
volume. The main problem for mathematics teachers being how to facilitate their students'
understanding of the mathematics being taught. In combining elements of maths, philosophy, logic,
linguistics and the psychology of maths education from her own and European research, Dr
Sierpinska considers the contributions of the social and cultural contexts to understanding. The
outcome is an insight into both mathematics and understanding.

linear algebra is hard: Inventing the Mathematician Sara N. Hottinger, 2016-03-01 Where
and how do we, as a culture, get our ideas about mathematics and about who can engage with
mathematical knowledge? Sara N. Hottinger uses a cultural studies approach to address how our
ideas about mathematics shape our individual and cultural relationship to the field. She considers
four locations in which representations of mathematics contribute to our cultural understanding of
mathematics: mathematics textbooks, the history of mathematics, portraits of mathematicians, and
the field of ethnomathematics. Hottinger examines how these discourses shape mathematical
subjectivity by limiting the way some groups—including women and people of color—are able to see
themselves as practitioners of math. Inventing the Mathematician provides a blueprint for how to
engage in a deconstructive project, revealing the limited and problematic nature of the normative
construction of mathematical subjectivity.

linear algebra is hard: Introduction to Soergel Bimodules Ben Elias, Shotaro Makisumi, Ulrich
Thiel, Geordie Williamson, 2020-09-26 This book provides a comprehensive introduction to Soergel
bimodules. First introduced by Wolfgang Soergel in the early 1990s, they have since become a
powerful tool in geometric representation theory. On the one hand, these bimodules are fairly
elementary objects and explicit calculations are possible. On the other, they have deep connections
to Lie theory and geometry. Taking these two aspects together, they offer a wonderful primer on
geometric representation theory. In this book the reader is introduced to the theory through a series
of lectures, which range from the basics, all the way to the latest frontiers of research. This book
serves both as an introduction and as a reference guide to the theory of Soergel bimodules. Thus it is
intended for anyone who wants to learn about this exciting field, from graduate students to
experienced researchers.

linear algebra is hard: Algorithmics for Hard Problems Juraj Hromkovic, 2013-03-14
Algorithmic design, especially for hard problems, is more essential for success in solving them than
any standard improvement of current computer technologies. Because of this, the design of
algorithms for solving hard problems is the core of current algorithmic research from the theoretical
point of view as well as from the practical point of view. There are many general textbooks on
algorithmics, and several specialized books devoted to particular approaches such as local search,
randomization, approximation algorithms, or heuristics. But there is no textbook that focuses on the
design of algorithms for hard computing tasks, and that systematically explains, combines, and
compares the main possibilities for attacking hard algorithmic problems. As this topic is fundamental
for computer science, this book tries to elose this gap. Another motivation, and probably the main
reason for writing this book, is connected to education. The considered area has developed very
dynamically in recent years and the research on this topic discovered several profound re sults, new
concepts, and new methods. Some of the achieved contributions are so fundamental that one can
speak about paradigms which should be ineluded in the education of every computer science



student. Unfortunately, this is very far from reality. This is because these paradigms are not
sufficiently known in the computer science community, and so they are insufficiently communicated
to students and practitioners.

linear algebra is hard: Introduction to Matrix Computations G. W. Stewart, 1973-06-15
Numerical linear algebra is far too broad a subject to treat in a single introductory volume. Stewart
has chosen to treat algorithms for solving linear systems, linear least squares problems, and
eigenvalue problems involving matrices whose elements can all be contained in the high-speed
storage of a computer. By way of theory, the author has chosen to discuss the theory of norms and
perturbation theory for linear systems and for the algebraic eigenvalue problem. These choices
exclude, among other things, the solution of large sparse linear systems by direct and iterative
methods, linear programming, and the useful Perron-Frobenious theory and its extensions. However,
a person who has fully mastered the material in this book should be well prepared for independent
study in other areas of numerical linear algebra.

linear algebra is hard: Computational Complexity and Feasibility of Data Processing and
Interval Computations V. Kreinovich, A.V. Lakeyev, J. Rohn, P.T. Kahl, 2013-06-29 Targeted audience
* Specialists in numerical computations, especially in numerical optimiza tion, who are interested in
designing algorithms with automatie result ver ification, and who would therefore be interested in
knowing how general their algorithms cali in principle be. « Mathematicians and computer scientists
who are interested in the theory 0/ computing and computational complexity, especially
computational com plexity of numerical computations. * Students in applied mathematics and
computer science who are interested in computational complexity of different numerical methods
and in learning general techniques for estimating this computational complexity. The book is written
with all explanations and definitions added, so that it can be used as a graduate level textbook. What
this book .is about Data processing. In many real-life situations, we are interested in the value of a
physical quantity y that is diflicult (or even impossible) to measure directly. For example, it is
impossible to directly measure the amount of oil in an oil field or a distance to a star. Since we
cannot measure such quantities directly, we measure them indirectly, by measuring some other
quantities Xi and using the known relation between y and Xi'S to reconstruct y. The algorithm that
transforms the results Xi of measuring Xi into an estimate fj for y is called data processing.

linear algebra is hard: Cyclotomic Fields S. Lang, 2012-12-06 Kummer's work on cyclotomic
fields paved the way for the development of algebraic number theory in general by Dedekind,
Weber, Hensel, Hilbert, Takagi, Artin and others. However, the success of this general theory has
tended to obscure special facts proved by Kummer about cyclotomic fields which lie deeper than the
general theory. For a long period in the 20th century this aspect of Kummer's work seems to have
been largely forgotten, except for a few papers, among which are those by Pollaczek [Po],
Artin-Hasse [A-H] and Vandiver [Va]. In the mid 1950's, the theory of cyclotomic fields was taken up
again by Iwasawa and Leopoldt. Iwasawa viewed cyclotomic fields as being analogues for number
fields of the constant field extensions of algebraic geometry, and wrote a great sequence of papers
investigating towers of cyclotomic fields, and more generally, Galois extensions of number fields
whose Galois group is isomorphic to the additive group of p-adic integers. Leopoldt concentrated on
a fixed cyclotomic field, and established various p-adic analogues of the classical complex analytic
class number formulas. In particular, this led him to introduce, with Kubota, p-adic analogues of the
complex L-functions attached to cyclotomic extensions of the rationals. Finally, in the late 1960's,
Iwasawa [Iw 1 I] . made the fundamental discovery that there was a close connection between his
work on towers of cyclotomic fields and these p-adic L-functions of Leopoldt-Kubota.
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2006-04-11 1 . The political context . . . ... e e

................ 1 1. 2 What part does history of mathematics currently occupy in national
CUITICUIA? .« . . e



...... 2 0.2, 2 AUSETIA .« .
................................................................. 31.2.3Brazil...
............................................ 31.2.4China................ ... .....
....................... 41.2.5Denmark . . ...
N T B G T =12 o] P
............................................................. 71.2.7Greece.......
........................................ 81.2.81Israel ......... ... i
.................... 0 1. 2. 0T aly . .ot
0 L 2 L0 JAPAN L L
............................................................... 101.2. 11
Netherlands . . ... e
................................................. 111.2.12 New Zealand . ...........
........................ 12 1. 2. I3 NOTWAY & & o e e
14 1 2. T4 Poland . .o e
.......................................................... 15 1. 2. 15 United Kingdom
............................ 16 1. 2. 16 United Statesof America........................
......................................................................... 181.3
History of mathematics in curricula and schoolbooks: a case study of Poland . . ..................
............ 19 1. 3. 1 History of mathematics in mathematics curricula . ....................
....................................... 20 1. 3. 2 History of mathematics in mathematics
SChool-bo0KS . . . ... e 21 1. 3. 3 Final
TIIATKS & o o vttt et e e e
......................................... 28 1. 4 Policy and politics in the advocacy of a
historical component................. 29 1. 4. 1 Political authorities (at all levels) . ...........
......................................................................... 311.4.2
Teacher assoCiations . . ... .ot e e
........................................ 31 1. 4. 3 Professional mathematics associations .
.......................................................................... 321.4
4 Tertiary teaChers . . . . ..o
............................................. 321.4.5Parents . ....................
.................... 331.4.6 Textbookauthors.......... ... ... . . i
...................................................................... 331.5
Quotations on the use of history of mathematics in mathematics teaching and learning . . .........
.......... 33 vi 2 . Philosophical, multicultural and interdisciplinary issues . ..................
............... 39 2. 1Introduction . ... ...t



linear algebra is hard: Mathematical Methods of Classical Mechanics V. I. Arnold,
2013-11-11 Many different mathematical methods and concepts are used in classical mechanics:
differential equations and phase ftows, smooth mappings and manifolds, Lie groups and Lie
algebras, symplectic geometry and ergodic theory. Many modern mathematical theories arose from
problems in mechanics and only later acquired that axiomatic-abstract form which makes them so
hard to study. In this book we construct the mathematical apparatus of classical mechanics from the
very beginning; thus, the reader is not assumed to have any previous knowledge beyond standard
courses in analysis (differential and integral calculus, differential equations), geometry (vector
spaces, vectors) and linear algebra (linear operators, quadratic forms). With the help of this
apparatus, we examine all the basic problems in dynamics, including the theory of oscillations, the
theory of rigid body motion, and the hamiltonian formalism. The author has tried to show the
geometric, qualitative aspect of phenomena. In this respect the book is closer to courses in
theoretical mechanics for theoretical physicists than to traditional courses in theoretical mechanics
as taught by mathematicians.

linear algebra is hard: Interval Linear Programming and Extensions Milan Hladik,
2025-05-31 This book delves into the intricate world of interval programming, offering a
comprehensive exploration of mathematical programming problems characterized by interval data.
Interval data, often arising from uncertainties like measurement errors or estimations, are also
pivotal in analyzing stability, sensitivity, and managing numerical issues. At the heart of this book is
the principle of interval analysis, ensuring that all possible realizations of interval data are
accounted for. Readers will uncover a wealth of knowledge as the author meticulously examines how
variations in input coefficients affect optimal solutions and values in linear programming. The
chapters are organized into three parts: foundational concepts of interval analysis, linear
programming with interval data, and advanced extensions into multiobjective and nonlinear
problems. This book invites readers to explore critical questions about stability, duality, and
practical applications across diverse fields. With contributions from eminent scholars, it provides a
unique blend of theoretical insights and practical case studies. Designed for both researchers and
students with a basic understanding of mathematics, this book serves as an essential resource for
anyone interested in mathematical programming. Whether used as a monograph or a lecture
textbook, it offers clear explanations and comprehensive proofs to make complex concepts
accessible. Scholars in operations research, applied mathematics, and related disciplines will find
this volume invaluable for advancing their understanding of interval programming.

linear algebra is hard: Some computational problems in linear algebra as hard as
matrix multiplication Peter Biirgisser, Marek Karpinski, Thomas Lickteig, 1991

linear algebra is hard: Linear Algebra Larry E. Knop, 2008-08-28 Linear Algebra: A First
Course with Applications explores the fundamental ideas of linear algebra, including vector spaces,
subspaces, basis, span, linear independence, linear transformation, eigenvalues, and eigenvectors,
as well as a variety of applications, from inventories to graphics to Google's PageRank. Unlike other
texts on the subject, thi

linear algebra is hard: Linear Algebra Ward Cheney, David Kincaid, 2012 Ward Cheney and
David Kincaid have developed Linear Algebra: Theory and Applications, Second Edition, a
multi-faceted introductory textbook, which was motivated by their desire for a single text that meets
the various requirements for differing courses within linear algebra. For theoretically-oriented
students, the text guides them as they devise proofs and deal with abstractions by focusing on a
comprehensive blend between theory and applications. For application-oriented science and
engineering students, it contains numerous exercises that help them focus on understanding and
learning not only vector spaces, matrices, and linear transformations, but uses of software tools
available for use in applied linear algebra. Using a flexible design, it is an ideal textbook for



instructors who wish to make their own choice regarding what material to emphasis, and to
accentuate those choices with homework assignments from a large variety of exercises, both in the
text and online.

linear algebra is hard: Opportunities and Constraints of Parallel Computing Jorge L.C.
Sanz, 2012-12-06 At the initiative of the IBM Almaden Research Center and the National Science
Foundation, a workshop on Opportunities and Constraints of Parallel Computing was held in San
Jose, California, on December 5-6, 1988. The Steering Committee of the workshop consisted of Prof.
R. Karp (University of California at Berkeley), Prof. L. Snyder (University of Washington at Seattle),
and Dr. J. L. C. Sanz (IBM Almaden Research Center). This workshop was intended to provide a
vehicle for interaction for people in the technical community actively engaged in research on parallel
computing. One major focus of the workshop was massive parallelism, covering theory and models of
computing, algorithm design and analysis, routing architectures and interconnection networks,
languages, and application requirements. More conventional issues involving the design and use of
parallel computers with a few dozen processors were not addressed at the meeting. A driving force
behind the realization of this workshop was the need for interaction between theoreticians and
practitioners of parallel computation. Therefore, a group of selected participants from the theory
community was invited to attend, together with well-known colleagues actively involved in
parallelism from national laboratories, government agencies, and industry.

linear algebra is hard: Approximation, Randomization, and Combinatorial Optimization.
Algorithms and Techniques Maria Serna, Ronen Shaltiel, Klaus Jansen, José Rolim, 2010-08-19
This book constitutes the joint refereed proceedings of the 13th International Workshop on
Approximation Algorithms for Combinatorial Optimization Problems, APPROX 2010, and the 14th
International Workshop on Randomization and Computation, RANDOM 2010, held in Barcelona,
Spain, in September 2010. The 28 revised full papers of the APPROX 2010 workshop and the 29
revised full papers of the RANDOM 2010 workshop included in this volume, were carefully reviewed
and selected from 66 and 61 submissions, respectively. APPROX focuses on algorithmic and
complexity issues surrounding the development of efficient approximate solutions to computationally
difficult problems. RANDOM is concerned with applications of randomness to computational and
combinatorial problems.

linear algebra is hard: Problems and Theorems in Analysis Georg Polya, Gabor Szego,
2013-04-17 The present English edition is not a mere translation of the German original. Many new
problems have been added and there are also other changes, mostly minor. Yet all the alterations
amount to less than ten percent of the text. We intended to keep intact the general plan and the
original flavor of the work. Thus we have not introduced any essentially new subject matter,
although the mathematical fashion has greatly changed since 1924. We have restricted ourselves to
supplementing the topics originally chosen. Some of our problems first published in this work have
given rise to extensive research. To include all such developments would have changed the
character of the work, and even an incomplete account, which would be unsatisfactory in itself,
would have cost too much labor and taken up too much space. We have to thank many readers who,
since the publication of this work almost fifty years ago, communicated to us various remarks on it,
some of which have been incorporated into this edition. We have not listed their names; we have
forgotten the origin of some contributions, and an incomplete list would have been even less
desirable than no list. The first volume has been translated by Mrs. Dorothee Aeppli, the second
volume by Professor Claude Billigheimer. We wish to express our warmest thanks to both for the
unselfish devotion and scrupulous conscientiousness with which they attacked their far from easy
task.
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