
finitely generated algebra
finitely generated algebra is a fundamental concept in algebra that plays a critical role in various
branches of mathematics, including algebraic geometry, homological algebra, and representation
theory. A finitely generated algebra is an algebraic structure that can be constructed from a finite
number of generators, which are elements that can be combined using algebraic operations. This
article will explore the definition and properties of finitely generated algebras, their significance in
mathematical theories, and their applications across different fields. We will also delve into
examples, the relationship between finitely generated algebras and other algebraic structures, and
their relevance in contemporary research.
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Understanding Finitely Generated Algebras

A finitely generated algebra is defined over a field or a ring, where it is generated by a finite set of
elements. In more formal terms, if \( R \) is a ring and \( A \) is an \( R \)-algebra, we say that \( A \) is
finitely generated if there exists a finite set of elements \( \{ a_1, a_2, \ldots, a_n \} \) in \( A \) such
that every element of \( A \) can be expressed as an \( R \)-linear combination of the generators and
their products. This condition leads to a rich structure that can be examined through various
algebraic properties.

Finitely generated algebras can be classified based on the type of operations allowed and the
underlying field or ring. They can be associative, commutative, or non-commutative, which
introduces additional complexities in their structure and behavior. Furthermore, finitely generated
algebras can serve as a foundation for understanding modules, ideals, and other algebraic
constructs, thereby establishing a bridge between different areas of mathematics.

Key Concepts

To fully grasp finitely generated algebras, it's essential to understand several key concepts:



Generators: The finite set of elements used to create the algebra.

Relations: Algebraic equations that define how the generators interact with each other.

Homomorphisms: Functions preserving the algebraic structure, which can help in
establishing the properties of finitely generated algebras.

Properties of Finitely Generated Algebras

The properties of finitely generated algebras are crucial for their analysis and classification. Here
are some significant properties:

Closure Under Operations

Finitely generated algebras are closed under addition and multiplication, which means that the sum
or product of any two elements in the algebra is also an element of the algebra. This property
ensures that the structure remains intact under these operations, making it a robust framework for
further analysis.

Dimension

The dimension of a finitely generated algebra is an important characteristic that reflects the number
of generators needed. The dimension can be finite or infinite, influencing the algebra's behavior.
Finite-dimensional algebras often exhibit more manageable properties and structures compared to
their infinite-dimensional counterparts.

Noetherian Property

Many finitely generated algebras possess the Noetherian property, which states that every
ascending chain of ideals stabilizes. This property is critical in ensuring that the algebra has a well-
defined structure and facilitates various algebraic operations.

Examples of Finitely Generated Algebras

To illustrate the concept of finitely generated algebras, several examples can be examined:



Polynomial Algebra

The polynomial algebra \( R[x_1, x_2, \ldots, x_n] \) is a classic example of a finitely generated
algebra over a ring \( R \). It is generated by the indeterminates \( x_1, x_2, \ldots, x_n \), and every
polynomial can be expressed as an \( R \)-linear combination of these generators.

Matrix Algebras

Matrix algebras, such as \( M_n(R) \), the algebra of \( n \times n \) matrices over a ring \( R \), are
also finitely generated. The generators can be chosen as the elementary matrices, which can be
combined to form any matrix in the algebra.

Group Algebras

Given a group \( G \) and a field \( K \), the group algebra \( K[G] \) is finitely generated as an algebra
over \( K \). The elements of \( G \) serve as generators, and their linear combinations form the group
algebra.

Applications of Finitely Generated Algebras

Finitely generated algebras have numerous applications across various fields of mathematics and
related disciplines:

Algebraic Geometry

In algebraic geometry, finitely generated algebras are used to define varieties. The coordinate ring
of an affine variety is often a finitely generated algebra, allowing for the exploration of geometric
properties through algebraic means.

Representation Theory

Finitely generated algebras play a crucial role in representation theory, where they are used to
study the representations of groups and algebras. The finite dimensionality of the representations
ensures that the underlying algebraic structure can be effectively analyzed.



Commutative Algebra

In commutative algebra, finitely generated algebras help in understanding ideals and modules. They
provide a framework for examining the relationships between different algebraic structures, leading
to significant results in the field.

Conclusion

Finitely generated algebras represent a core concept in algebra that connects various mathematical
disciplines. By understanding their definitions, properties, and applications, mathematicians can
gain insights into complex algebraic structures and their relationships. The exploration of finitely
generated algebras not only enhances our comprehension of algebra but also paves the way for
advancements in related fields such as algebraic geometry and representation theory.

Q: What is a finitely generated algebra?
A: A finitely generated algebra is an algebraic structure that can be generated by a finite set of
elements over a field or ring. This means that every element in the algebra can be expressed as a
combination of these generators using algebraic operations.

Q: How do finitely generated algebras relate to polynomial
algebras?
A: Polynomial algebras are a prominent example of finitely generated algebras. They are generated
by a finite number of indeterminates, and any polynomial in the algebra can be written as a linear
combination of these generators.

Q: What are the applications of finitely generated algebras in
algebraic geometry?
A: In algebraic geometry, finitely generated algebras are used to define affine varieties through their
coordinate rings. This connection allows for the exploration of geometric properties using algebraic
methods.

Q: Can finitely generated algebras be infinite dimensional?
A: Finitely generated algebras are typically finite-dimensional in the context of their generators.
However, the algebras themselves can exhibit infinite-dimensional behavior depending on the
operations and relations involved.



Q: What is the Noetherian property in the context of finitely
generated algebras?
A: The Noetherian property states that every ascending chain of ideals in a finitely generated
algebra stabilizes. This property is essential for ensuring a well-defined structure within the algebra.

Q: Are all finitely generated algebras commutative?
A: No, not all finitely generated algebras are commutative. They can be associative, commutative, or
non-commutative, which influences their structure and behavior.

Q: How do finitely generated algebras relate to representation
theory?
A: In representation theory, finitely generated algebras are used to study the representations of
groups and algebras, enabling a deeper understanding of the underlying algebraic structure.

Q: What role do relations play in finitely generated algebras?
A: Relations define how the generators of a finitely generated algebra interact with each other. They
are critical in determining the structure and properties of the algebra.
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presents it in a lucid style. The author includes almost no technically difficult proofs, and reflecting
his point of view on mathematics, he tries wherever possible to replace calculations and difficult
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projective spaces, tensor algebra, Galois theory, Lie groups, and associative algebras and their
representations. Some applications of linear algebra and group theory to physics are discussed. The
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book is written with extreme care and contains over 200 exercises and 70 figures. It is ideal as a
textbook and also suitable for independent study for advanced undergraduates and graduate
students.
  finitely generated algebra: Finitely Generated R.e. Algebras Anil Nerode, Bakhadyr
Khoussainov, 1993
  finitely generated algebra: Algebraic Geometry Ulrich Görtz, Torsten Wedhorn, 2010-08-06
This book introduces the reader to modern algebraic geometry. It presents Grothendieck's
technically demanding language of schemes that is the basis of the most important developments in
the last fifty years within this area. A systematic treatment and motivation of the theory is
emphasized, using concrete examples to illustrate its usefulness. Several examples from the realm of
Hilbert modular surfaces and of determinantal varieties are used methodically to discuss the
covered techniques. Thus the reader experiences that the further development of the theory yields
an ever better understanding of these fascinating objects. The text is complemented by many
exercises that serve to check the comprehension of the text, treat further examples, or give an
outlook on further results. The volume at hand is an introduction to schemes. To get startet, it
requires only basic knowledge in abstract algebra and topology. Essential facts from commutative
algebra are assembled in an appendix. It will be complemented by a second volume on the
cohomology of schemes.
  finitely generated algebra: Universal Algebra and Coalgebra Klaus Denecke, Shelly L.
Wismath, 2009 The purpose of this book is to study the structures needed to model objects in
universal algebra, universal coalgebra and theoretical computer science. Universal algebra is used
to describe different kinds of algebraic structures, while coalgebras are used to model state-based
machines in computer science.The connection between algebras and coalgebras provides a way to
connect static data-oriented systems with dynamical behavior-oriented systems. Algebras are used to
describe data types and coalgebras describe abstract systems or machines.The book presents a clear
overview of the area, from which further study may proceed.
  finitely generated algebra: Algebraic Varieties: Minimal Models and Finite Generation
Yujiro Kawamata, 2024-06-27 A self-contained introduction to minimal model theory and the finite
generation theorem of the canonical ring of algebraic varieties.
  finitely generated algebra: Effective Properties of Finitely Generated R.E. Algebras Anil
Nerode, Bakhadyr Khoussainov, 1994
  finitely generated algebra: Commutative Algebra N. Bourbaki, 1998-08-03 This is the
English translation of the first seven chapters of Bourbaki's Algèbre commutative. It provides a
treatment of commutative algebra, seeking to enable the reader to go on and study algebraic or
arithmetic geometry.
  finitely generated algebra: Introduction to Algebraic Geometry and Algebraic Groups ,
1980-01-01 Introduction to Algebraic Geometry and Algebraic Groups
  finitely generated algebra: Computational Methods in Commutative Algebra and Algebraic
Geometry Wolmer Vasconcelos, 2004-05-18 This ACM volume deals with tackling problems that can
be represented by data structures which are essentially matrices with polynomial entries, mediated
by the disciplines of commutative algebra and algebraic geometry. The discoveries stem from an
interdisciplinary branch of research which has been growing steadily over the past decade. The
author covers a wide range, from showing how to obtain deep heuristics in a computation of a ring, a
module or a morphism, to developing means of solving nonlinear systems of equations - highlighting
the use of advanced techniques to bring down the cost of computation. Although intended for
advanced students and researchers with interests both in algebra and computation, many parts may
be read by anyone with a basic abstract algebra course.
  finitely generated algebra: An Invitation to Algebraic Geometry Karen Smith, Lauri
Kahanpää, Pekka Kekäläinen, William Traves, 2004-01-27 This is a description of the underlying
principles of algebraic geometry, some of its important developments in the twentieth century, and
some of the problems that occupy its practitioners today. It is intended for the working or the



aspiring mathematician who is unfamiliar with algebraic geometry but wishes to gain an
appreciation of its foundations and its goals with a minimum of prerequisites. Few algebraic
prerequisites are presumed beyond a basic course in linear algebra.
  finitely generated algebra: Ideals of Identities of Associative Algebras Aleksandr Robertovich
Kemer,
  finitely generated algebra: Actions and Invariants of Algebraic Groups Walter Ferrer
Santos, Alvaro Rittatore, 2005-04-26 Actions and Invariants of Algebraic Groups presents a
self-contained introduction to geometric invariant theory that links the basic theory of affine
algebraic groups to Mumford's more sophisticated theory. The authors systematically exploit the
viewpoint of Hopf algebra theory and the theory of comodules to simplify and compactify many of
the rele
  finitely generated algebra: Rings with Polynomial Identities and Finite Dimensional
Representations of Algebras Eli Aljadeff, Antonio Giambruno, Claudio Procesi, Amitai Regev,
2020-12-14 A polynomial identity for an algebra (or a ring) A A is a polynomial in noncommutative
variables that vanishes under any evaluation in A A. An algebra satisfying a nontrivial polynomial
identity is called a PI algebra, and this is the main object of study in this book, which can be used by
graduate students and researchers alike. The book is divided into four parts. Part 1 contains
foundational material on representation theory and noncommutative algebra. In addition to setting
the stage for the rest of the book, this part can be used for an introductory course in
noncommutative algebra. An expert reader may use Part 1 as reference and start with the main
topics in the remaining parts. Part 2 discusses the combinatorial aspects of the theory, the growth
theorem, and Shirshov's bases. Here methods of representation theory of the symmetric group play
a major role. Part 3 contains the main body of structure theorems for PI algebras, theorems of
Kaplansky and Posner, the theory of central polynomials, M. Artin's theorem on Azumaya algebras,
and the geometric part on the variety of semisimple representations, including the foundations of
the theory of Cayley–Hamilton algebras. Part 4 is devoted first to the proof of the theorem of
Razmyslov, Kemer, and Braun on the nilpotency of the nil radical for finitely generated PI algebras
over Noetherian rings, then to the theory of Kemer and the Specht problem. Finally, the authors
discuss PI exponent and codimension growth. This part uses some nontrivial analytic tools coming
from probability theory. The appendix presents the counterexamples of Golod and Shafarevich to the
Burnside problem.
  finitely generated algebra: Generative Complexity in Algebra Joel Berman, 2005 Considers
the behavior of $\mathrm{G}_\mathcal{C}(k)$ when $\mathcal{C}$ is a locally finite equational
class (variety) of algebras and $k$ is finite. This title looks at ways that algebraic properties of
$\mathcal{C}$ lead to upper or lower bounds on generative complexity.
  finitely generated algebra: Cylindric-like Algebras and Algebraic Logic Hajnal Andréka,
Miklós Ferenczi, István Németi, 2014-01-27 Algebraic logic is a subject in the interface between
logic, algebra and geometry, it has strong connections with category theory and combinatorics.
Tarski’s quest for finding structure in logic leads to cylindric-like algebras as studied in this book,
they are among the main players in Tarskian algebraic logic. Cylindric algebra theory can be viewed
in many ways: as an algebraic form of definability theory, as a study of higher-dimensional relations,
as an enrichment of Boolean Algebra theory, or, as logic in geometric form (“cylindric” in the name
refers to geometric aspects). Cylindric-like algebras have a wide range of applications, in, e.g.,
natural language theory, data-base theory, stochastics, and even in relativity theory. The present
volume, consisting of 18 survey papers, intends to give an overview of the main achievements and
new research directions in the past 30 years, since the publication of the Henkin-Monk-Tarski
monographs. It is dedicated to the memory of Leon Henkin.​
  finitely generated algebra: Actions and Invariants of Algebraic Groups Walter Ricardo Ferrer
Santos, Alvaro Rittatore, 2017-09-19 Actions and Invariants of Algebraic Groups, Second Edition
presents a self-contained introduction to geometric invariant theory starting from the basic theory of
affine algebraic groups and proceeding towards more sophisticated dimensions. Building on the first



edition, this book provides an introduction to the theory by equipping the reader with the tools
needed to read advanced research in the field. Beginning with commutative algebra, algebraic
geometry and the theory of Lie algebras, the book develops the necessary background of affine
algebraic groups over an algebraically closed field, and then moves toward the algebraic and
geometric aspects of modern invariant theory and quotients.
  finitely generated algebra: The Algebraic Structure of Group Rings Donald S. Passman,
2011-01-01 'Highly recommended' by the Bulletin of the London Mathematical Society, this book
offers a comprehensive, self-contained treatment of group rings. The subject involves the
intersection of two essentially different disciplines, group theory and ring theory. The Bulletin of the
American Mathematical Society hailed this treatment as 'a majestic account,' proclaiming it
encyclopedic and lucid. 1985 edition--
  finitely generated algebra: Algebraic Geometry Robin Hartshorne, 1977-12-19 This book
provides an introduction to abstract algebraic geometry. It includes more than 400 exercises that
offer specific examples as well as more specialized topics. From the reviews: Enables the reader to
make the drastic transition between the basic, intuitive questions about affine and projective
varieties with which the subject begins, and the elaborate general methodology of schemes and
cohomology employed currently to answer these questions. --MATHEMATICAL REVIEWS
  finitely generated algebra: Algebraic Geometry I: Schemes Ulrich Görtz, Torsten Wedhorn,
2020-07-27 This book introduces the reader to modern algebraic geometry. It presents
Grothendieck's technically demanding language of schemes that is the basis of the most important
developments in the last fifty years within this area. A systematic treatment and motivation of the
theory is emphasized, using concrete examples to illustrate its usefulness. Several examples from
the realm of Hilbert modular surfaces and of determinantal varieties are used methodically to
discuss the covered techniques. Thus the reader experiences that the further development of the
theory yields an ever better understanding of these fascinating objects. The text is complemented by
many exercises that serve to check the comprehension of the text, treat further examples, or give an
outlook on further results. The volume at hand is an introduction to schemes. To get startet, it
requires only basic knowledge in abstract algebra and topology. Essential facts from commutative
algebra are assembled in an appendix. It will be complemented by a second volume on the
cohomology of schemes.
  finitely generated algebra: New Trends in Noncommutative Algebra Ara, Pere, 2012 This
volume contains the proceedings of the conference `New Trends in Noncommutative Algebra', held
at the University of Washington, Seattle, in August 2010. The articles will provide researchers and
graduate students with an indispensable overview of topics of current interest. Specific fields
covered include: noncommutative algebraic geometry, representation theory, Calabi-Yau algebras,
quantum algebras and deformation quantization, Poisson algebras, group algebras, and
noncommutative Iwasawa algebras.
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