chiral algebra

chiral algebra is a fascinating concept that plays a pivotal role in various fields, including
mathematics, physics, and theoretical computer science. This algebraic structure is
particularly significant in the study of conformal field theories (CFT) and string theory,
where it helps to understand the symmetries and properties of these complex systems.
Chiral algebras provide tools for analyzing the dualities and modular invariance that are
central to these theories. In this article, we will delve into the definition and properties of
chiral algebras, their applications in modern physics, and their connection to other
mathematical structures. By the end, readers will have a comprehensive understanding of
chiral algebra and its relevance in the broader scientific landscape.
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Introduction to Chiral Algebra

Chiral algebra, at its core, is an algebraic structure that captures the essence of certain
symmetries in quantum field theories. Originating from the need to understand the
behavior of two-dimensional conformal field theories, chiral algebras have been
instrumental in the study of various physical phenomena. They are often characterized by a
collection of operators that encode the algebraic relationships inherent in the theory.

The term "chiral" refers to the property of asymmetry in the context of these algebras. This
asymmetry is vital in distinguishing between left-moving and right-moving degrees of
freedom in a physical theory, which is particularly evident in string theory. Chiral algebras
are not only important in theoretical physics but also have profound implications in
mathematical research, particularly in the study of vertex operator algebras and higher-
dimensional algebraic structures.

Definition and Properties



What is Chiral Algebra?

Chiral algebras can be defined as associative algebras that are equipped with a vertex
operator framework. They consist of vertex operators that act on a Hilbert space and satisfy
specific commutation relations. These operators are essential in defining the algebraic
structure that encapsulates the symmetries of a conformal field theory.

Key Properties of Chiral Algebras

Chiral algebras possess several notable properties that make them unique and essential for
theoretical studies. Some of these properties include:

* Associativity: The operations within chiral algebras are associative, meaning that
the order of operations does not affect the outcome.

* Vertex Operator Representation: Chiral algebras can be represented through
vertex operators, which provide a geometric interpretation of the algebraic structures.

e Modular Invariance: A critical aspect of chiral algebras is their invariance under
modular transformations, which is important for the consistency of string theories.

e Fusion Rules: Chiral algebras exhibit fusion rules that determine how different
operators can combine, leading to new operators with specific properties.

Applications in Physics

Chiral Algebras in Conformal Field Theory

In the realm of conformal field theories, chiral algebras provide a robust framework for
understanding the behavior of quantum fields on two-dimensional surfaces. They enable
physicists to analyze critical phenomena and phase transitions in statistical mechanics. The
modular invariance of chiral algebras is particularly crucial in ensuring the consistency of
the physical theories that arise from them.

Role in String Theory

String theory, a leading candidate for a unified theory of fundamental forces, heavily relies
on the concepts of chiral algebras. In string theory, the left-moving and right-moving modes



of strings can be described using chiral algebras, which allows physicists to study the
interactions and symmetries of strings. This duality is essential for deriving physical
predictions and understanding the underlying geometry of the string worldsheet.

Quantum Gravity and Chiral Algebras

Chiral algebras also find applications in the study of quantum gravity, particularly in
approaches like loop quantum gravity. The algebraic structures help researchers
understand the behavior of gravitational waves and the quantum states of spacetime. By
providing a framework for describing quantum states in a curved spacetime, chiral algebras
contribute significantly to the ongoing efforts to unify quantum mechanics with general
relativity.

Connections to Other Mathematical Structures

Vertex Operator Algebras

Vertex operator algebras (VOAs) are a generalized form of chiral algebras that serve as a
bridge between algebra and geometry. They extend the concepts of chiral algebras and
provide a more comprehensive framework for understanding symmetries in two-
dimensional quantum field theories. VOAs have applications in both mathematics and
physics, particularly in the study of modular forms and representation theory.

Relation to Topological Field Theories

Chiral algebras are also related to topological field theories (TFTs), which focus on the
properties of manifolds and their invariants. The study of chiral algebras within TFTs allows
for a deeper understanding of the topological aspects of quantum theories, leading to
insights into the structure of the theories themselves. This relationship underscores the
versatility of chiral algebras across multiple disciplines.

Conclusion

Chiral algebra represents a crucial concept that bridges various domains within
mathematics and theoretical physics. Its rich structure and properties make it indispensable
for understanding conformal field theories, string theory, and other advanced topics in
quantum mechanics. As research in these fields continues to evolve, the significance of
chiral algebras is expected to grow, further illuminating the complexities of the universe.
Embracing the mathematical rigor and physical implications of chiral algebras will



undoubtedly yield new insights and advancements in both theoretical and applied sciences.

FAQ

Q: What is the main significance of chiral algebra in
physics?

A: Chiral algebra is significant in physics as it provides a framework for understanding the
symmetries and properties of conformal field theories, particularly in string theory and
quantum gravity.

Q: How are chiral algebras related to string theory?

A: In string theory, chiral algebras describe the left-moving and right-moving modes of
strings, enabling the analysis of interactions and symmetries crucial for deriving physical
predictions.

Q: What are the key properties of chiral algebras?

A: Key properties include associativity, vertex operator representation, modular invariance,
and fusion rules, all of which are essential for their application in quantum field theories.

Q: Can you explain the connection between chiral
algebras and vertex operator algebras?

A: Vertex operator algebras are a generalization of chiral algebras, providing a more
comprehensive framework for understanding symmetries in two-dimensional quantum field
theories and allowing for applications in both physics and mathematics.

Q: What role do chiral algebras play in the study of
quantum gravity?

A: Chiral algebras help researchers describe quantum states in curved spacetime,
contributing to our understanding of gravitational waves and the unification of quantum
mechanics with general relativity.

Q: How do chiral algebras interact with modular forms?

A: Chiral algebras exhibit modular invariance, which is crucial for the consistency of
physical theories arising from them, and they facilitate the study of modular forms within
the context of vertex operator algebras.



Q: Are chiral algebras applicable in fields outside of
physics?

A: Yes, chiral algebras have implications in various mathematical fields, including
representation theory, algebraic geometry, and the study of modular forms, showcasing
their versatility across disciplines.

Q: What are fusion rules in chiral algebras?

A: Fusion rules in chiral algebras determine how different operators can combine to form
new operators, revealing the intricate relationships and structure within the algebraic
framework.

Q: What is the significance of modular invariance in
chiral algebras?

A: Modular invariance ensures that the physical theories derived from chiral algebras
remain consistent under transformations, playing a key role in the formulation of conformal
field theories and string theory.
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chiral algebra: Chiral Algebras Alexander Beilinson, V. G. Drinfeld, 2004 This long-awaited
publication contains the results of the research of two distinguished professors from the University
of Chicago, Alexander Beilinson and Fields Medalist Vladimir Drinfeld. Years in the making, this is a
one-of-a-kind book featuring previously unpublished material. Chiral algebras form the primary
algebraic structure of modern conformal field theory. Each chiral algebra lives on an algebraic
curve, and in the special case where this curve is the affine line, chiral algebras invariant under
translations are the same as well-known and widely used vertex algebras. The exposition of this book
covers the following topics: the " classical" counterpart of the theory, which is an algebraic theory
of non-linear differential equations and their symmetries; the local aspects of the theory of chiral
algebras, including the study of some basic examples, such as the chiral algebras of differential
operators; the formalism of chiral homology treating " "the space of conformal blocks'" of the
conformal field theory, which is a *“quantum" counterpart of the space of the global solutions of a
differential equation. The book is intended for researchers working in algebraic geometry and its
applications to mathematical physics and representation theory.

chiral algebra: Algebraic Geometry and Number Theory victor ginzburg, 2007-12-31 This
book represents a collection of invited papers by outstanding mathematicians in algebra, algebraic
geometry, and number theory dedicated to Vladimir Drinfeld. Original research articles reflect the
range of Drinfeld's work, and his profound contributions to the Langlands program, quantum
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groups, and mathematical physics are paid particular attention. These ten original articles by
prominent mathematicians, dedicated to Drinfeld on the occasion of his 50th birthday, broadly
reflect the range of Drinfeld's own interests in algebra, algebraic geometry, and number theory.

chiral algebra: Vertex Operator Algebras in Mathematics and Physics Stephen Berman, Vertex
operator algebras are a class of algebras underlying a number of recent constructions, results, and
themes in mathematics. These algebras can be understood as ''string-theoretic analogues" of Lie
algebras and of commutative associative algebras. They play fundamental roles in some of the most
active research areas in mathematics and physics. Much recent progress in both physics and
mathematics has benefited from cross-pollination between the physical and mathematical points of
view. This book presents the proceedings from the workshop, '"Vertex Operator Algebras in
Mathematics and Physics", held at The Fields Institute. It consists of papers based on many of the
talks given at the conference by leading experts in the algebraic, geometric, and physical aspects of
vertex operator algebra theory. The book is suitable for graduate students and research
mathematicians interested in the major themes and important developments on the frontier of
research in vertex operator algebra theory and its applications in mathematics and physics.

chiral algebra: Vertex Algebras and Algebraic Curves Edward Frenkel, David Ben-Zvi,
2004-08-25 Vertex algebras are algebraic objects that encapsulate the concept of operator product
expansion from two-dimensional conformal field theory. Vertex algebras are fast becoming
ubiquitous in many areas of modern mathematics, with applications to representation theory,
algebraic geometry, the theory of finite groups, modular functions, topology, integrable systems, and
combinatorics. This book is an introduction to the theory of vertex algebras with a particular
emphasis on the relationship with the geometry of algebraic curves. The notion of a vertex algebra is
introduced in a coordinate-independent way, so that vertex operators become well defined on
arbitrary smooth algebraic curves, possibly equipped with additional data, such as a vector bundle.
Vertex algebras then appear as the algebraic objects encoding the geometric structure of various
moduli spaces associated with algebraic curves. Therefore they may be used to give a geometric
interpretation of various questions of representation theory. The book contains many original
results, introduces important new concepts, and brings new insights into the theory of vertex
algebras. The authors have made a great effort to make the book self-contained and accessible to
readers of all backgrounds. Reviewers of the first edition anticipated that it would have a
long-lasting influence on this exciting field of mathematics and would be very useful for graduate
students and researchers interested in the subject. This second edition, substantially improved and
expanded, includes several new topics, in particular an introduction to the Beilinson-Drinfeld theory
of factorization algebras and the geometric Langlands correspondence.

chiral algebra: Lie Algebras, Vertex Operator Algebras and Their Applications Yi-Zhi Huang,
Kailash C. Misra, 2007 The articles in this book are based on talks given at the international
conference 'Lie algebras, vertex operator algebras and their applications'. The focus of the papers is
mainly on Lie algebras, quantum groups, vertex operator algebras and their applications to number
theory, combinatorics and conformal field theory.

chiral algebra: Nuclear Science Abstracts, 1974

chiral algebra: Vertex Algebras and Geometry Thomas Creutzig, Andrew R. Linshaw,
2018-07-20 This book contains the proceedings of the AMS Special Session on Vertex Algebras and
Geometry, held from October 8-9, 2016, and the mini-conference on Vertex Algebras, held from
October 10-11, 2016, in Denver, Colorado. The papers cover vertex algebras in connection with
geometry and tensor categories, with topics in vertex rings, chiral algebroids, the Higgs branch
conjecture, and applicability and use of vertex tensor categories.

chiral algebra: String-Math 2022 Ron Donagi, Adrian Langer, Piotr Sutkowski, Katrin
Wendland, 2024-04-18 This is a proceedings volume from the String-Math conference which took
place at the University of Warsaw in 2022. This 12th String-Math conference focused on several
research areas actively developing these days. They included generalized (categorical) symmetries
in quantum field theory and their relation to topological phases of matter; formal aspects of quantum




field theory, in particular twisted holography; various developments in supersymmetric gauge
theories, BPS counting and Donaldson-Thomas invariants. Other topics discussed at this conference
included new advances in Gromov-Witten theory, curve counting, and Calabi-Yau manifolds.
Another broad topic concerned algebraic aspects of conformal field theory, vertex operator algebras,
and quantum groups. Furthermore, several other recent developments were presented during the
conference, such as understanding the role of operator algebras in the presence of gravity,
derivation of gauge-string duality, complexity of black holes, or mathematical aspects of the
amplituhedron. This proceedings volume contains articles summarizing 14 conference lectures,
devoted to the above topics.

chiral algebra: Introduction to String Theory Sergio Cecotti, 2023-10-06 Graduate students
typically enter into courses on string theory having little to no familiarity with the mathematical
background so crucial to the discipline. As such, this book, based on lecture notes, edited and
expanded, from the graduate course taught by the author at SISSA and BIMSA, places particular
emphasis on said mathematical background. The target audience for the book includes students of
both theoretical physics and mathematics. This explains the book’s strange style: on the one hand, it
is highly didactic and explicit, with a host of examples for the physicists, but, in addition, there are
also almost 100 separate technical boxes, appendices, and starred sections, in which matters
discussed in the main text are put into a broader mathematical perspective, while deeper and more
rigorous points of view (particularly those from the modern era) are presented. The boxes also serve
to further shore up the reader’s understanding of the underlying math. In writing this book, the
author’s goal was not to achieve any sort of definitive conciseness, opting instead for clarity and
completeness. To this end, several arguments are presented more than once from different
viewpoints and in varying contexts.

chiral algebra: Factorization Algebras in Quantum Field Theory Kevin Costello, Owen
Gwilliam, 2017 This first volume develops factorization algebras with a focus upon examples
exhibiting their use in field theory, which will be useful for researchers and graduates.

chiral algebra: GROUP 24 ]J.P Gazeau, R Kerner, J.P Antoine, S Metens, J.Y Thibon, 2003-11-30
As a record of an international meeting devoted to the physical and mathematical aspects of group
theory, GROUP 24: Physical and Mathematical Aspects of Symmetries provides an important
selection of informative articles describing recent advances in the field. The applications of group
theory presented in this book deal not only with the traditional fields of physics, but also include
such disciplines as chemistry and biology. Plenary session contributions are represented by 18
longer articles, followed by nearly 200 shorter articles. The book also presents coherent states,
wavelets, and applications and quantum group theory and integrable systems in two separate
sections.

chiral algebra: String Theory: From Gauge Interactions to Cosmology Laurent Baulieu,
Jan de Boer, Boris Pioline, Eliezer Rabinovici, 2006-06-26 String Theory is our current best
candidate for the unification of all fundamental forces, including gravity, in a consistent quantum
framework. In this collection of lectures delivered at the Cargése Summer School String Theory:
from Gauge Interactions to Cosmology", world leading experts provide an up-to-date survey of the
latest developments in this topic, including the gauge/gravity correspondence, superstring
cosmology and cosmic strings, topological string theory and matrix models, physics beyond the
standard model and the landscape of vacua of string theory, conformal field theory and critical
phenomena in statistical mechanics. Many more topics are also discussed in shorter contributions by
School participants. Written with an emphasis on pedagogy, this volume will be a invaluable
resource to students and experts alike.

chiral algebra: String Theory: From Gauge Interactions to Cosmology France) (2004
NATO Advanced Study Institute on String Theory: From Gauge Interactions to Cosmology Cargeése,

chiral algebra: On Axiomatic Approaches to Vertex Operator Algebras and Modules Igor
Frenkel, Yi-Zhi Huang, James Lepowsky, 1993 The basic definitions and properties of vertex
operator algebras, modules, intertwining operators and related concepts are presented, following a




fundamental analogy with Lie algebra theory. The first steps in the development of the general
theory are taken, and various natural and useful reformulations of the axioms are given. In
particular, tensor products of algebras and modules, adjoint vertex operators and contragradient
modules, adjoint intertwining operators and fusion rules are studied in greater depth. This paper
lays the monodromy-free axiomatic foundation of the general theory of vertex operator algebras,
modules and intertwining operators.

chiral algebra: Two-Dimensional Conformal Geometry and Vertex Operator Algebras Yi-Zhi
Huang, 2012-12-06 The theory of vertex operator algebras and their representations has been
showing its power in the solution of concrete mathematical problems and in the understanding of
conceptual but subtle mathematical and physical struc- tures of conformal field theories. Much of
the recent progress has deep connec- tions with complex analysis and conformal geometry. Future
developments, especially constructions and studies of higher-genus theories, will need a solid
geometric theory of vertex operator algebras. Back in 1986, Manin already observed in Man) that
the quantum theory of (super )strings existed (in some sense) in two entirely different mathematical
fields. Under canonical quantization this theory appeared to a mathematician as the representation
theories of the Heisenberg, Vir as oro and affine Kac- Moody algebras and their superextensions.
Quantization with the help of the Polyakov path integral led on the other hand to the analytic theory
of algebraic (super ) curves and their moduli spaces, to invariants of the type of the analytic
curvature, and so on.He pointed out further that establishing direct mathematical connections
between these two forms of a single theory was a big and important problem. On the one hand, the
theory of vertex operator algebras and their repre- sentations unifies (and considerably extends) the
representation theories of the Heisenberg, Virasoro and Kac-Moody algebras and their
superextensions.

chiral algebra: Affine Lie Algebras and Quantum Groups Jirgen Fuchs, 1995-03-09 This is
an introduction to the theory of affine Lie Algebras, to the theory of quantum groups, and to the
interrelationships between these two fields that are encountered in conformal field theory.

chiral algebra: Conformal Field Theory Sergei V Ketov, 1995-02-28 Conformal field theory is
an elegant and powerful theory in the field of high energy physics and statistics. In fact, it can be
said to be one of the greatest achievements in the development of this field. Presented in two
dimensions, this book is designed for students who already have a basic knowledge of quantum
mechanics, field theory and general relativity. The main idea used throughout the book is that
conformal symmetry causes both classical and quantum integrability. Instead of concentrating on
the numerous applications of the theory, the author puts forward a discussion of the general
methods of conformal field theory as a physical theory. Hence the book provides in a self-contained
way the necessary knowledge and “conformal” intuition which underline the various applications of
conformal field theory. It is aimed to assist students and professionals in the study of the theory from
its first principles and in applying the methods in their own research. The first of its kind, this book
promises to give a detailed and comprehensive insight into the workings of conformal field theory.

chiral algebra: Physics and Mathematics of Strings Lars Brink, Daniel Harry Friedan, A. M.
Polyakov, 1990 Vadim Knizhnik was one of the most promising theoretical physicists in the world.
Unfortunately, he passed away at the very young age of 25 years. This memorial volume is to honor
his contributions in Theoretical Physics. This is perhaps one of the most important collections of
articles on the theoretical developments in String Theory, Conformal Field Theory and related
topics. It consists of contributions from world-renowned physicists who have met Vadim Knizhnik
personally and whom the late Knizhnik really respected. The contributions are systematic and
pedagogical in format.

chiral algebra: Infinite Dimensional Lie Algebras And Groups Victor G Kac, 1989-07-01
Contents:Integrable Representation of Kac-Moody Algebras: Results and Open Problems (V Chari &
A Pressley)Existence of Certain Components in the Tensor Product of Two Integrable Highest
Weight Modules for Kac-Moody Algebras (SKumar)Frobenius Action on the B-Cohomology (O
Mathieu)Certain Rank Two Subsystems of Kac-Moody Root Systems (J Morita)Lie Groups Associated



to Kac-Moody Lie Algebras: An Analytic Approach (E Rodriguez-Carrington)Almost Split-K-Forms of
Kac-Moody Algebras (G Rousseau)Global Representations of the Diffeomorphism Groups of the
Circle (F Bien)Path Space Realization of the Basic Representation of An(1) (E Date et
al)Boson-Fermion Correspondence Over (C De Concini et al)Classification of Modular Invariant
Representations of Affine Algebras (V G Kac & M Wakimoto)Standard Monomial Theory for SL2 (V
Lakshmibai & C S Seshadri)Some Results on Modular Invariant Representations (S Lu)Current
Algebras in 3+1 Space-Time Dimensions (] Mickelson)Standard Representations of An(1) (M
Primc)Representations of the Algebra Uq(sI(2)), q-Orthogonal Polynomials and Invariants of Links (A
N Kirillov & N Yu Reshetikhin)Infinite Super Grassmannians and Super Plucker Equations (M ]
Bergvelt)Drinfeld-Sokolov Hierarchies and t-Functions (H J Imbens)Super Boson-Fermion
Correspondence of Type B (V G Kac & J W van de Leur)Prym Varieties and Soliton Equations (T
Shiota)Polynomial Solutions of the BKP Hierarchy and Projective Representations of Symmetric
Groups (Y You)Toward Generalized Macdonald's Identities (D Bernard)Conformal Theories with
Non-Linearly Extended Virasoro Symmetries and Lie Algebra Classification (A Bilal &
J-LGervais)Extended Conformal Algebras from Kac-Moody Algebras (P Bouwknegt)Meromorphic
Conformal Field Theory (P Goddard)Local Extensions of the U(1) Current Algebra and Their Positive
Energy Representations (R R Paunov & I T Todorov)Conformal Field Theory on Moduli Family of
Stable Curves with Gauge Symmetries (A Tsuchiya & Y Yamada) Readership: Mathematicians and
mathematical physicists

chiral algebra: International Conference on Theoretical Physics Daniel Iagolnitzer,
Vincent Rivasseau, Jean Zinn-Justin, 2012-12-06 The International Conference on Theoretical
Physics, TH-2002, took place in Paris from July 22 to 27 in the Conference Center of the UNESCO,
the United Nations Educational Scientific and Cultural Organization, under aegis of the IUPAP, the
International Union of Pure and Applied Physics and of the French and Euro pean Physical Societies,
with a large support of several French, European and international Institutions. International and
crossdisciplinary, TH-2002 welcomed around 1200 partic ipants representing all domains of modern
theoretical physics. The conference offered a high-level scientific program, including 18 plenary
lectures, 45 general lectures in thematic sessions and 140 more specialized lectures, partly invited
and partly selected among proposals received from participants. Around 500 contribu tions were
also presented as posters. Plenary lectures as well as general thematic lectures were addressed to a
general audience of theoricians, not only to specialists. According to our commitments towards
UNESCO and other sponsoring insti tutions, TH-2002 attributed more than 200 fellowships, mostly
to scientists from developing countries and Eastern Europe, covering registration fees and, for more
than half of them, stay expenses with student type accomodation. Special highlights of the
conference included ¢ the opening ceremony on July 22, with the participation of Mrs Claudie
Haignere, French Minister of Research, and M. Walter Erdelen, General Ad joint Director for
Sciences at UNESCO. Their opening addresses were espe cially appreciated and are reproduced
below. This ceremony preceded the first lecture by Professor Cohen-Tannoudji, Physics Nobel prize
winner.
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