covariance matrix linear algebra

covariance matrix linear algebra is a crucial concept in statistics and data analysis, serving as a
foundational element in various applications such as machine learning, finance, and multivariate
statistics. Understanding the covariance matrix is essential for analyzing the relationships between
multiple variables, as it provides insights into how changes in one variable may affect others. This
article will delve into the definition of the covariance matrix, its mathematical formulation, properties,
and applications in linear algebra. Additionally, we will explore the relationship between covariance
matrices and other statistical methods, offering a comprehensive overview that caters to both

beginners and advanced readers.
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Introduction to Covariance Matrix

The covariance matrix is a square matrix that summarizes the covariances between pairs of variables

in a dataset. Each entry in the matrix represents the covariance between two variables, providing a



measure of how much the variables change together. In linear algebra, the covariance matrix plays a
vital role in understanding the structure of data, especially when dealing with multivariate distributions.
This section will introduce the key concepts related to the covariance matrix, including its significance

and basic applications.

Understanding Covariance

Covariance is a statistical measure that indicates the extent to which two variables change together.

Mathematically, the covariance between two random variables X and Y is defined as:
Cov(X, Y) = E[(X - L_x)(Y - u_y)]

Where E denotes the expected value, and p_x and p_y are the means of X and Y, respectively. A
positive covariance indicates that the variables tend to increase together, while a negative covariance

suggests that as one variable increases, the other tends to decrease.

Definition of Covariance Matrix

The covariance matrix extends this concept to multiple variables. For a random vector X with n

variables, the covariance matrix [l is defined as:
0 = Egx - wyx - wl

Here, p is the mean vector of X, and D denotes the transpose of the vector. The covariance matrix is
symmetric and positive semi-definite, meaning that all its eigenvalues are non-negative. This property

is crucial for many applications in linear algebra and statistics.

Mathematical Definition and Formulation

To fully grasp the covariance matrix's importance, it is essential to understand its mathematical
formulation and properties. This section will detail how to compute the covariance matrix and its

implications in linear algebra.



Calculation of Covariance Matrix

To compute the covariance matrix for a dataset, follow these steps:

1. Organize the data into a matrix where each row represents an observation and each column

represents a variable.

2. Calculate the mean of each variable.

3. Center the data by subtracting the mean from each variable.

4. Compute the covariance matrix using the formula mentioned earlier.

This process allows for a systematic way to derive the covariance matrix from raw data, making it a

valuable tool in data analysis.

Example of Covariance Matrix

Consider a dataset with two variables, X and Y, with the following observations:

*(2,3)

* 39

After calculating the means and applying the covariance formula, we can derive the covariance matrix

for the two variables. The resulting matrix provides a clear view of how X and Y covary, facilitating



further analysis.

Properties of Covariance Matrices

The covariance matrix exhibits several important properties that are critical for its applications in linear
algebra and data analysis. Understanding these properties can enhance the interpretation and utility of

the covariance matrix.

Symmetry and Positive Semi-definiteness

A key property of the covariance matrix is its symmetry. For any covariance matrix I:l it holds that I:”]
= D This symmetry is vital, as it ensures that the relationship between variables is mutual.
Furthermore, the covariance matrix is positive semi-definite, implying that for any vector z, the
expression z[”:lz D 0. This property is crucial in optimization problems and ensures that the variance

(a specific case of covariance) is always non-negative.

Eigenvalues and Eigenvectors

The eigenvalues and eigenvectors of the covariance matrix reveal important information about the
data's structure. The eigenvalues indicate the variance explained by each principal component, while
the eigenvectors show the directions of these components. This is particularly useful in techniques
such as Principal Component Analysis (PCA), where the goal is to reduce dimensionality while

preserving variance.

Applications of Covariance Matrices in Linear Algebra

Covariance matrices are employed in various fields, including statistics, finance, machine learning, and

engineering. Their applications are extensive and impactful, particularly in the context of linear algebra.



Principal Component Analysis (PCA)

PCA is a widely used technique that relies on the covariance matrix to reduce the dimensionality of

data while retaining the most significant variance. By analyzing the eigenvectors and eigenvalues of
the covariance matrix, PCA transforms the original variables into a new set of uncorrelated variables,
which are the principal components. This transformation simplifies complex datasets and aids in

visualization and interpretation.

Portfolio Optimization in Finance

In finance, the covariance matrix is essential for portfolio optimization. Investors use the covariance
between asset returns to assess the risk associated with a portfolio. By understanding how different
assets move in relation to each other, investors can diversify their portfolios to minimize risk while

maximizing returns. The covariance matrix thus plays a critical role in modern portfolio theory.

Relation to Other Statistical Methods

The covariance matrix is interconnected with various statistical methods, enhancing the understanding

and application of multivariate statistics. This section will outline some of these relationships.

Correlation Matrix

The correlation matrix is a standardized version of the covariance matrix, providing a dimensionless
measure of the strength and direction of relationships between variables. The correlation matrix is
derived from the covariance matrix by normalizing the covariances, allowing for easier interpretation,

especially when comparing variables with different units or scales.



Regression Analysis

In regression analysis, the covariance matrix aids in understanding the relationships between predictor
variables and the response variable. By examining the covariances, statisticians can assess
multicollinearity, which can adversely affect the reliability of regression coefficients. The covariance

matrix thus serves as a diagnostic tool in regression modeling.

Conclusion

The covariance matrix is a pivotal concept in linear algebra and statistics, offering insights into the
relationships between multiple variables. Its mathematical formulation, properties, and applications
make it an indispensable tool in data analysis, finance, and machine learning. Understanding
covariance matrices allows practitioners to interpret complex datasets effectively and make informed
decisions based on statistical evidence. As data continues to grow in complexity, the relevance of the

covariance matrix will undoubtedly persist across various domains.

Q: What is the covariance matrix used for?

A: The covariance matrix is used to summarize the pairwise covariances between variables in a
dataset. It is essential for understanding the relationships between multiple variables and is widely

applied in statistics, finance, and machine learning.

Q: How do you calculate the covariance matrix?

A: To calculate the covariance matrix, you first organize your data into a matrix format, calculate the
mean of each variable, center the data by subtracting the means, and then apply the covariance

formula to derive the matrix.



Q: Why is the covariance matrix symmetric?

A: The covariance matrix is symmetric because the covariance between variable X and variable Y is
the same as the covariance between variable Y and variable X, which results in identical entries in the

corresponding positions of the matrix.

Q: What is the difference between covariance and correlation?

A: Covariance measures the degree to which two variables change together, while correlation
standardizes this measure to a dimensionless value between -1 and 1, indicating the strength and

direction of the linear relationship between the variables.

Q: What role does the covariance matrix play in Principal Component
Analysis (PCA)?

A: In PCA, the covariance matrix is used to identify the directions (principal components) that
maximize variance in the data. By analyzing the eigenvectors and eigenvalues of the covariance

matrix, PCA reduces the dimensionality of the dataset while retaining significant variance.

Q: Can the covariance matrix be negative?

A: The covariance matrix itself cannot be negative since it is defined to be positive semi-definite.
However, individual covariances can be negative, indicating an inverse relationship between those

variables.

Q: How does the covariance matrix relate to multicollinearity in



regression analysis?

A: In regression analysis, multicollinearity occurs when predictor variables are highly correlated, which
can be detected through the covariance matrix. High covariance values suggest a strong relationship

between predictors, potentially leading to unreliable regression estimates.

Q: Is the covariance matrix applicable to non-linear relationships?

A: The covariance matrix primarily measures linear relationships between variables. While it can
provide some insights into non-linear relationships, other techniques, such as non-linear regression or

kernel methods, are often more suitable for analyzing non-linear dependencies.

Q: What is the significance of eigenvalues in the covariance matrix?

A: Eigenvalues in the covariance matrix indicate the variance explained by each principal component.
Larger eigenvalues correspond to components that capture more variance in the data, which is crucial

for understanding the data's structure in techniques like PCA.
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D. von Rosen, 2006-03-30 The book presents important tools and techniques for treating problems in
m- ern multivariate statistics in a systematic way. The ambition is to indicate new directions as well
as to present the classical part of multivariate statistical analysis in this framework. The book has
been written for graduate students and statis- cians who are not afraid of matrix formalism. The goal
is to provide them with a powerful toolkit for their research and to give necessary background and
deeper knowledge for further studies in di?erent areas of multivariate statistics. It can also be useful
for researchers in applied mathematics and for people working on data analysis and data mining
who can ?nd useful methods and ideas for solving their problems.
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Ithasbeendesignedasatextbookforatwosemestergraduatecourseonmultiva- ate statistics. Such a
course has been held at the Swedish Agricultural University in 2001/02. On the other hand, it can be
used as material for series of shorter courses. In fact, Chapters 1 and 2 have been used for a
graduate course "Matrices in Statistics” at University of Tartu for the last few years, and Chapters 2
and 3 formed the material for the graduate course "Multivariate Asymptotic Statistics” in spring
2002. An advanced course “"Multivariate Linear Models” may be based on Chapter 4. A lot of
literature is available on multivariate statistical analysis written for di?- ent purposes and for people
with di?erent interests, background and knowledge.

covariance matrix linear algebra: A Handbook of Mathematical Models with Python Dr. Ranja
Sarkar, 2023-08-30 Master the art of mathematical modeling through practical examples, use cases,
and machine learning techniques Key Features Gain a profound understanding of various
mathematical models that can be integrated with machine learning Learn how to implement
optimization algorithms to tune machine learning models Build optimal solutions for practical use
cases Purchase of the print or Kindle book includes a free PDF eBook Book DescriptionMathematical
modeling is the art of transforming a business problem into a well-defined mathematical formulation.
Its emphasis on interpretability is particularly crucial when deploying a model to support high-stake
decisions in sensitive sectors like pharmaceuticals and healthcare. Through this book, you'll gain a
firm grasp of the foundational mathematics underpinning various machine learning algorithms.
Equipped with this knowledge, you can modify algorithms to suit your business problem. Starting
with the basic theory and concepts of mathematical modeling, you’ll explore an array of
mathematical tools that will empower you to extract insights and understand the data better, which
in turn will aid in making optimal, data-driven decisions. The book allows you to explore
mathematical optimization and its wide range of applications, and concludes by highlighting the
synergetic value derived from blending mathematical models with machine learning. Ultimately,
you’ll be able to apply everything you’ve learned to choose the most fitting methodologies for the
business problems you encounter.What you will learn Understand core concepts of mathematical
models and their relevance in solving problems Explore various approaches to modeling and
learning using Python Work with tested mathematical tools to gather meaningful insights Blend
mathematical modeling with machine learning to find optimal solutions to business problems
Optimize ML models built with business data, apply them to understand their impact on the
business, and address critical questions Apply mathematical optimization for data-scarce problems
where the objective and constraints are known Who this book is forIf you are a budding data
scientist seeking to augment your journey with mathematics, this book is for you. Researchers and
R&D scientists will also be able to harness the concepts covered to their full potential. To make the
best use of this book, a background in linear algebra, differential equations, basics of statistics, data
types, data structures, and numerical algorithms will be useful.

covariance matrix linear algebra: Linear Algebra with Mathematica Fred Szabo, 2000-02-14
Linear Algebra: An Introduction With Mathematica uses a matrix-based presentation and covers the
standard topics any mathematician will need to understand linear algebra while using Mathematica.
Development of analytical and computational skills is emphasized, and worked examples provide
step-by-step methods for solving basic problems using Mathematica. The subject's rich pertinence to
problem solving across disciplines is illustrated with applications in engineering, the natural
sciences, computer animation, and statistics. Includes a thematic presentation of linear algebra
Provides a systematic integration of Mathematica Encourages students to appreciate the benefits of
mathematical rigor All exercises can be solved with Mathematica

covariance matrix linear algebra: Mastering Scientific Computing with R Paul Gerrard, Radia
M. Johnson, 2015-01-31 If you want to learn how to quantitatively answer scientific questions for
practical purposes using the powerful R language and the open source R tool ecosystem, this book is
ideal for you. It is ideally suited for scientists who understand scientific concepts, know a little R,
and want to be able to start applying R to be able to answer empirical scientific questions. Some R
exposure is helpful, but not compulsory.



covariance matrix linear algebra: Computational Finance Cornelis A. Los, 2001
Computational finance deals with the mathematics of computer programs that realize financial
models or systems. This book outlines the epistemic risks associated with the current valuations of
different financial instruments and discusses the corresponding risk management strategies. It
covers most of the research and practical areas in computational finance. Starting from traditional
fundamental analysis and using algebraic and geometric tools, it is guided by the logic of science to
explore information from financial data without prejudice. In fact, this book has the unique feature
that it is structured around the simple requirement of objective science: the geometric structure of
the data = the information contained in the data.

covariance matrix linear algebra: Financial Engineering with Copulas Explained ]. Mai,
M. Scherer, 2014-10-02 This is a succinct guide to the application and modelling of dependence
models or copulas in the financial markets. First applied to credit risk modelling, copulas are now
widely used across a range of derivatives transactions, asset pricing techniques and risk models and
are a core part of the financial engineer's toolkit.

covariance matrix linear algebra: Linear Algebra for Data Science, Machine Learning,
and Signal Processing Jeffrey A. Fessler, Raj Rao Nadakuditi, 2024-05-16 Master matrix methods
via engaging data-driven applications, aided by classroom-tested quizzes, homework exercises and
online Julia demos.

covariance matrix linear algebra: Handbook of Parallel Computing and Statistics Erricos
John Kontoghiorghes, 2005-12-21 Technological improvements continue to push back the frontier of
processor speed in modern computers. Unfortunately, the computational intensity demanded by
modern research problems grows even faster. Parallel computing has emerged as the most
successful bridge to this computational gap, and many popular solutions have emerged based on its
concepts

covariance matrix linear algebra: Multivariate, Multilinear and Mixed Linear Models
Katarzyna Filipiak, Augustyn Markiewicz, Dietrich von Rosen, 2021-10-01 This book presents the
latest findings on statistical inference in multivariate, multilinear and mixed linear models, providing
a holistic presentation of the subject. It contains pioneering and carefully selected review
contributions by experts in the field and guides the reader through topics related to estimation and
testing of multivariate and mixed linear model parameters. Starting with the theory of multivariate
distributions, covering identification and testing of covariance structures and means under various
multivariate models, it goes on to discuss estimation in mixed linear models and their
transformations. The results presented originate from the work of the research group Multivariate
and Mixed Linear Models and their meetings held at the Mathematical Research and Conference
Center in Bedlewo, Poland, over the last 10 years. Featuring an extensive bibliography of related
publications, the book is intended for PhD students and researchers in modern statistical science
who are interested in multivariate and mixed linear models.

covariance matrix linear algebra: Essential Math for Al Hala Nelson, 2023-01-04 Companies
are scrambling to integrate Al into their systems and operations. But to build truly successful
solutions, you need a firm grasp of the underlying mathematics. This accessible guide walks you
through the math necessary to thrive in the Al field such as focusing on real-world applications
rather than dense academic theory. Engineers, data scientists, and students alike will examine
mathematical topics critical for Al--including regression, neural networks, optimization,
backpropagation, convolution, Markov chains, and more--through popular applications such as
computer vision, natural language processing, and automated systems. And supplementary Jupyter
notebooks shed light on examples with Python code and visualizations. Whether you're just
beginning your career or have years of experience, this book gives you the foundation necessary to
dive deeper in the field. Understand the underlying mathematics powering Al systems, including
generative adversarial networks, random graphs, large random matrices, mathematical logic,
optimal control, and more Learn how to adapt mathematical methods to different applications from
completely different fields Gain the mathematical fluency to interpret and explain how Al systems



arrive at their decisions

covariance matrix linear algebra: The ~AOxford Guide to Financial Modeling Thomas S.
Y. Ho, Sang Bin Lee, 2004-01-15 The book discusses the theory and applications of more than 122
financial models currently in use and includes the financial models of stock and bond options, exotic
options, investment grade and high-yield bonds, convertible bonds, mortgage-backed securities,
liabilities of financial institutions' business models and corporate models.

covariance matrix linear algebra: Probability: A Graduate Course Allan Gut, 2006-03-16 I
know it's trivial, but I have forgotten why. This is a slightly exaggerated characterization of the
unfortunate attitude of many mathematicians toward the surrounding world. The point of departure
of this book is the opposite. This textbook on the theory of probability is aimed at graduate students,
with the ideology that rather than being a purely mathematical discipline, probability theory is an
intimate companion of statistics. The book starts with the basic tools, and goes on to chapters on
inequalities, characteristic functions, convergence, followed by the three main subjects, the law of
large numbers, the central limit theorem, and the law of the iterated logarithm. After a discussion of
generalizations and extensions, the book concludes with an extensive chapter on martingales. The
main feature of this book is the combination of rigor and detail. Instead of being sketchy and leaving
lots of technicalities to be filled in by the reader or as easy exercises, a more solid foundation is
obtained by providing more of those not so trivial matters and by integrating some of those not so
simple exercises and problems into the body of text. Some results have been given more than one
proof in order to illustrate the pros and cons of different approaches. On occasion we invite the
reader to minor extensions, for which the proofs reduce to minor modifications of existing ones, with
the aim of creating an atmosphere of a dialogue with the reader (instead of the more typical
monologue), in order to put the reader in the position to approach any other text for which a solid
probabilistic foundation is necessary. Allan Gut is a professor of Mathematical Statistics at Uppsala
University, Uppsala, Sweden. He is the author of the Springer monograph Stopped Random Walks
(1988), the Springer textbook An Intermediate Course in Probability (1995), and has published
around 60 articles in probability theory. His interest in attracting amore general audience to the
beautiful world of probability has been manifested in his Swedish popular science book Sant eller
Sannolikt (True or Probable), Norstedts forlag (2002). From the reviews: This is more substantial
than the usual graduate course in probability; it contains many useful and interesting details that
previously were scattered around the literature and gives clear evidence that the writer has a great
deal of experience in the area. Short Book Reviews of the International Statistical Institute,
December 2005 ...This book is a readable, comprehensive, and up-to-date introductory textbook to
probability theory with emphasis on limit theorems for sums and extremes of random variables. The
purchase is worth its price. Journal of the American Statistical Association, June 2006

covariance matrix linear algebra: Data Mining Ian H. Witten, Eibe Frank, Mark A. Hall,
Christopher J. Pal, James Foulds, 2025-02-04 Data Mining: Practical Machine Learning Tools and
Techniques, Fifth Edition, offers a thorough grounding in machine learning concepts, along with
practical advice on applying these tools and techniques in real-world data mining situations. This
highly anticipated new edition of the most acclaimed work on data mining and machine learning
teaches readers everything they need to know to get going, from preparing inputs, interpreting
outputs, evaluating results, to the algorithmic methods at the heart of successful data mining
approaches.Extensive updates reflect the technical changes and modernizations that have taken
place in the field since the last edition, including more recent deep learning content on topics such
as generative Al (GANs, VAEs, diffusion models), large language models (transformers, BERT and
GPT models), and adversarial examples, as well as a comprehensive treatment of ethical and
responsible artificial intelligence topics. Authors Ian H. Witten, Eibe Frank, Mark A. Hall, and
Christopher J. Pal, along with new author James R. Foulds, include today's techniques coupled with
the methods at the leading edge of contemporary research - Provides a thorough grounding in
machine learning concepts, as well as practical advice on applying the tools and techniques to data
mining projects - Presents concrete tips and techniques for performance improvement that work by



transforming the input or output in machine learning methods - Features in-depth information on
deep learning and probabilistic models - Covers performance improvement techniques, including
input preprocessing and combining output from different methods - Provides an appendix
introducing the WEKA machine learning workbench and links to algorithm implementations in the
software - Includes all-new exercises for each chapter

covariance matrix linear algebra: Constrained Optimization and Optimal Control for Partial
Differential Equations Gunter Leugering, Sebastian Engell, Andreas Griewank, Michael Hinze, Rolf
Rannacher, Volker Schulz, Michael Ulbrich, Stefan Ulbrich, 2012-01-03 This special volume focuses
on optimization and control of processes governed by partial differential equations. The contributors
are mostly participants of the DFG-priority program 1253: Optimization with PDE-constraints which
is active since 2006. The book is organized in sections which cover almost the entire spectrum of
modern research in this emerging field. Indeed, even though the field of optimal control and
optimization for PDE-constrained problems has undergone a dramatic increase of interest during the
last four decades, a full theory for nonlinear problems is still lacking. The contributions of this
volume, some of which have the character of survey articles, therefore, aim at creating and
developing further new ideas for optimization, control and corresponding numerical simulations of
systems of possibly coupled nonlinear partial differential equations. The research conducted within
this unique network of groups in more than fifteen German universities focuses on novel methods of
optimization, control and identification for problems in infinite-dimensional spaces, shape and
topology problems, model reduction and adaptivity, discretization concepts and important
applications. Besides the theoretical interest, the most prominent question is about the effectiveness
of model-based numerical optimization methods for PDEs versus a black-box approach that uses
existing codes, often heuristic-based, for optimization.

covariance matrix linear algebra: Machine Learning for Computer Scientists and Data
Analysts Setareh Rafatirad, Houman Homayoun, Zhiqgian Chen, Sai Manoj Pudukotai Dinakarrao,
2022-07-09 This textbook introduces readers to the theoretical aspects of machine learning (ML)
algorithms, starting from simple neuron basics, through complex neural networks, including
generative adversarial neural networks and graph convolution networks. Most importantly, this book
helps readers to understand the concepts of ML algorithms and enables them to develop the skills
necessary to choose an apt ML algorithm for a problem they wish to solve. In addition, this book
includes numerous case studies, ranging from simple time-series forecasting to object recognition
and recommender systems using massive databases. Lastly, this book also provides practical
implementation examples and assignments for the readers to practice and improve their
programming capabilities for the ML applications.

covariance matrix linear algebra: Probability: A Lively Introduction Henk Tijms,
2017-10-19 Comprehensive, yet concise, this textbook is the go-to guide to learn why probability is
so important and its applications.

covariance matrix linear algebra: Understanding Probability H. C. Tijms, 2012-06-14 Using
everyday examples to demystify probability, this classic is now in its third edition with new chapters,
exercises and examples.

covariance matrix linear algebra: Bilinear Regression Analysis Dietrich von Rosen,
2018-08-02 This book expands on the classical statistical multivariate analysis theory by focusing on
bilinear regression models, a class of models comprising the classical growth curve model and its
extensions. In order to analyze the bilinear regression models in an interpretable way, concepts from
linear models are extended and applied to tensor spaces. Further, the book considers
decompositions of tensor products into natural subspaces, and addresses maximum likelihood
estimation, residual analysis, influential observation analysis and testing hypotheses, where
properties of estimators such as moments, asymptotic distributions or approximations of
distributions are also studied. Throughout the text, examples and several analyzed data sets
illustrate the different approaches, and fresh insights into classical multivariate analysis are
provided. This monograph is of interest to researchers and Ph.D. students in mathematical statistics,



signal processing and other fields where statistical multivariate analysis is utilized. It can also be
used as a text for second graduate-level courses on multivariate analysis.

covariance matrix linear algebra: Artificial Intelligence Theory, Models, and Applications P
Kaliraj, T. Devi, 2021-10-21 This book examines the fundamentals and technologies of Artificial
Intelligence (AI) and describes their tools, challenges, and issues. It also explains relevant theory as
well as industrial applications in various domains, such as healthcare, economics, education, product
development, agriculture, human resource management, environmental management, and
marketing. The book is a boon to students, software developers, teachers, members of boards of
studies, and researchers who need a reference resource on artificial intelligence and its applications
and is primarily intended for use in courses offered by higher education institutions that strive to
equip their graduates with Industry 4.0 skills. FEATURES: Gender disparity in the enterprises
involved in the development of Al-based software development as well as solutions to eradicate such
gender bias in the AI world A general framework for Al in environmental management, smart
farming, e-waste management, and smart energy optimization The potential and application of Al in
medical imaging as well as the challenges of Al in precision medicine Al’s role in the diagnosis of
various diseases, such as cancer and diabetes The role of machine learning models in product
development and statistically monitoring product quality Machine learning to make robust and
effective economic policy decisions Machine learning and data mining approaches to provide better
video indexing mechanisms resulting in better searchable results ABOUT THE EDITORS: Prof. Dr. P.
Kaliraj is Vice Chancellor at Bharathiar University, Coimbatore, India. Prof. Dr. T. Devi is Professor
and Head of the Department of Computer Applications, Bharathiar University, Coimbatore, India.

covariance matrix linear algebra: Digital Image Processing Bernd Jahne, 2005-04-07 This
long-established and well-received monograph offers an integral view of image processing - from
image acquisition to the extraction of the data of interest - written by a physical scientists for other
scientists. Supplements discussion of the general concepts is supplemented with examples from
applications on PC-based image processing systems and ready-to-use implementations of important
algorithms. Completely revised and extended, the most notable extensions being a detailed
discussion on random variables and fields, 3-D imaging techniques and a unified approach to
regularized parameter estimation.
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