azumaya algebra

azumaya algebra is a fascinating area of mathematics that intersects algebra,
geometry, and number theory. It primarily deals with the structural
properties of algebraic objects known as Azumaya algebras. These algebras are
generalizations of central simple algebras and play a crucial role in various
fields, including algebraic geometry and representation theory. Understanding
Azumaya algebras requires a solid grasp of several foundational concepts,
such as ring theory, module theory, and the theory of schemes. This article
will explore the definition, properties, importance, and applications of
Azumaya algebra, providing a comprehensive guide for students and
professionals alike.
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Introduction to Azumaya Algebra

Azumaya algebra, named after the mathematician Masayoshi Azumaya, is a
significant concept in modern algebra. It serves as a bridge between abstract
algebra and geometric interpretations. Unlike traditional algebras, Azumaya
algebras are specifically defined over a commutative ring, and their study
involves understanding how these algebras behave under various operations and
transformations.

The importance of Azumaya algebras extends beyond pure mathematics into areas
such as physics, particularly in quantum mechanics where algebraic structures
play a role in the formulation of theories. Additionally, Azumaya algebras
are closely related to the theory of Brauer groups, which classify central
simple algebras over a given field. This relationship underscores the deep
interconnections between different mathematical disciplines.



Defining Azumaya Algebra

The formal definition of Azumaya algebra can be approached through several
perspectives. An Azumaya algebra over a commutative ring R is defined as a
sheaf of R-algebras that satisfies certain coherence conditions.
Specifically, an Azumaya algebra can be characterized as follows:

Formal Definition

An Azumaya algebra A over a ring R is a finite-dimensional R-algebra that is

locally isomorphic to a matrix algebra over a field. This means that for each
prime ideal p of R, the localization of A at p, denoted A p, is isomorphic to
the matrix algebra M n(k) for some field k that is a finite extension of the

residue field R/p.

Key Properties

Azumaya algebras exhibit several key properties that define their structure
and behavior:

e Central Simple Algebra: Azumaya algebras generalize the notion of
central simple algebras, which are finite-dimensional algebras over a
field that have no nontrivial two-sided ideals.

e Locality: The local structure of an Azumaya algebra retains the
properties of being a matrix algebra in a neighborhood of every prime
ideal.

e Invariant under Base Change: The properties of Azumaya algebras remain
invariant when passing to field extensions, allowing for a robust
framework in algebraic geometry.

Properties of Azumaya Algebras

The study of Azumaya algebras reveals several interesting properties that
make them a unique subject of study in algebra. Understanding these
properties is essential for grasping their applications and implications in
broader mathematical contexts.



Finite Dimensionality

One of the defining characteristics of Azumaya algebras is their finite-
dimensionality over the base ring. This property ensures that they can be
analyzed using techniques from linear algebra, making them more manageable to
study. The finite-dimensional nature also facilitates the classification of
such algebras through Brauer groups.

Morita Equivalence

Another important aspect of Azumaya algebras is Morita equivalence, which
states that two Azumaya algebras are equivalent if they have equivalent
categories of modules. This equivalence highlights the idea that the
structure of the algebra is less important than the behavior of its modules,
allowing mathematicians to interchange between different algebras without
loss of generality.

Relation to Brauer Groups

Azumaya algebras are intimately connected to Brauer groups, which classify
central simple algebras up to isomorphism. The Brauer group of a ring R can
be understood through the Azumaya algebras over R, as each class in the
Brauer group corresponds to an equivalence class of Azumaya algebras.

Examples of Azumaya Algebras

To better illustrate the concept of Azumaya algebras, it is helpful to
consider some concrete examples. These examples provide insight into how
Azumaya algebras manifest in various mathematical contexts.

Matrix Algebras

Perhaps the simplest example of an Azumaya algebra is the matrix algebra

M n(R), where R is a commutative ring. This algebra is locally isomorphic to
itself, satisfying the definition of an Azumaya algebra. It serves as a
fundamental building block for constructing more complex algebras.



Function Algebras

Another common example arises in the context of function algebras. If X is a
scheme and 0 X is its structure sheaf, then the sheaf of endomorphisms of a
locally free 0 X-module of finite rank can be viewed as an Azumaya algebra.
This example highlights the utility of Azumaya algebras in algebraic
geometry.

Skew Polynomial Algebras

Skew polynomial algebras also serve as examples of Azumaya algebras. These
are constructed by introducing a non-commutative variable that satisfies
certain relations with coefficients in a ring. They provide intriguing
insights into non-commutative algebraic structures and their applications.

Applications of Azumaya Algebra

The applications of Azumaya algebra extend across various fields of
mathematics and even into theoretical physics. The flexibility and generality
of Azumaya algebras enable them to be applied in diverse contexts.

Algebraic Geometry

In algebraic geometry, Azumaya algebras are used to study vector bundles and
their properties. They allow for a refined understanding of how algebraic
varieties can be decomposed into simpler components, facilitating the
analysis of their geometric structure.

Representation Theory

Azumaya algebras play a pivotal role in representation theory, particularly
in the study of representations of algebraic groups. The representations
associated with Azumaya algebras help to classify the possible symmetries of
algebraic structures, leading to significant insights into both algebra and
geometry.

Noncommutative Geometry

In the realm of noncommutative geometry, Azumaya algebras provide a framework



for understanding spaces that cannot be described using traditional geometric
methods. They allow mathematicians to explore geometric concepts through the
lens of algebra, revealing new relationships and properties.

Conclusion

Azumaya algebra represents a rich and intricate area of study within
mathematics that intertwines algebra, geometry, and number theory. Its unique
properties and applications make it a critical subject for advanced studies
in various mathematical disciplines. As research in this field continues to
evolve, the insights gained from Azumaya algebras will undoubtedly contribute
to deepening our understanding of both abstract algebraic structures and
their geometric interpretations.

FAQ

Q: What is an Azumaya algebra?

A: An Azumaya algebra is a finite-dimensional algebra over a commutative ring
that is locally isomorphic to a matrix algebra over a field. It generalizes
the concept of central simple algebras and is defined through its properties
over localizations at prime ideals.

Q: How are Azumaya algebras related to central
simple algebras?

A: Azumaya algebras are a generalization of central simple algebras. While
central simple algebras are defined over fields, Azumaya algebras extend this
concept to commutative rings, retaining similar properties regarding their
structure and classification.

Q: What are some examples of Azumaya algebras?

A: Common examples of Azumaya algebras include matrix algebras such as
M n(R), function algebras arising from schemes, and skew polynomial algebras
that involve non-commutative variables.

Q: Why are Azumaya algebras important in algebraic
geometry?

A: Azumaya algebras are significant in algebraic geometry because they
provide a way to study vector bundles and their properties on algebraic



varieties, allowing for deeper insights into their geometric structures.

Q: Can Azumaya algebras be applied in physics?

A: Yes, Azumaya algebras find applications in theoretical physics,
particularly in quantum mechanics, where algebraic structures are used to
describe physical systems and their symmetries.

Q: What is the relationship between Azumaya algebras
and Brauer groups?

A: The Brauer group classifies central simple algebras over a given ring, and
Azumaya algebras are closely related to this classification, as each class in
the Brauer group corresponds to an equivalence class of Azumaya algebras.

Q: How does Morita equivalence apply to Azumaya
algebras?

A: Morita equivalence states that two Azumaya algebras are equivalent if
their categories of modules are equivalent. This principle allows for the
interchangeability of algebras in certain contexts without losing essential
structural properties.

Q: What role do Azumaya algebras play in
representation theory?

A: In representation theory, Azumaya algebras facilitate the classification
of representations of algebraic groups, helping to reveal the underlying
symmetries present in various algebraic structures.

Q: Are Azumaya algebras relevant in noncommutative
geometry?

A: Yes, Azumaya algebras provide a framework for exploring spaces that cannot
be adequately described using conventional geometric methods, thus enriching
the field of noncommutative geometry and revealing new relationships.
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azumaya algebra: Azumaya Algebras, Actions, and Modules Darrell Haile, 1992 This volume
contains the proceedings of a conference in honor of Goro Azumaya's seventieth birthday, held at
Indiana University of Bloomington in May 1990. Professor Azumaya, who has been on the faculty of
Indiana University since 1968, has made many important contributions to modern abstract algebra.
His introduction and investigation of what have come to be known as Azumaya algebras
subsequently stimulated much research on such rings and algebras, as well as applications to
geometry and number theory. In addition to honoring Professor Azumaya's contributions, the
conference was intended to stimulate interaction among three areas of his research interests;
Azumaya algebras, group and Hopf algebra actions, and module theory. Aimed at researchers in
algebra, this volume contains contributions by some of the leaders in these areas.

azumaya algebra: Lectures on Division Algebras David ]. Saltman, 1999 This volume is
based on lectures on division algebras given at a conference held at Colorado State University.
Although division algebras are a very classical object, this book presents this classical material in a
new way, highlighting current approaches and new theorems, and illuminating the connections with
a variety of areas in mathematics.

azumaya algebra: Non-commutative Algebraic Geometry F.M.]. van Oystaeyen, A.H.M.].
Verschoren, 2006-11-14

azumaya algebra: Rings with Polynomial Identities and Finite Dimensional Representations of
Algebras Eli Aljadeff, Antonio Giambruno, Claudio Procesi, Amitai Regev, 2020-12-14 A polynomial
identity for an algebra (or a ring) A A is a polynomial in noncommutative variables that vanishes
under any evaluation in A A. An algebra satisfying a nontrivial polynomial identity is called a PI
algebra, and this is the main object of study in this book, which can be used by graduate students
and researchers alike. The book is divided into four parts. Part 1 contains foundational material on
representation theory and noncommutative algebra. In addition to setting the stage for the rest of
the book, this part can be used for an introductory course in noncommutative algebra. An expert
reader may use Part 1 as reference and start with the main topics in the remaining parts. Part 2
discusses the combinatorial aspects of the theory, the growth theorem, and Shirshov's bases. Here
methods of representation theory of the symmetric group play a major role. Part 3 contains the main
body of structure theorems for PI algebras, theorems of Kaplansky and Posner, the theory of central
polynomials, M. Artin's theorem on Azumaya algebras, and the geometric part on the variety of
semisimple representations, including the foundations of the theory of Cayley-Hamilton algebras.
Part 4 is devoted first to the proof of the theorem of Razmyslov, Kemer, and Braun on the nilpotency
of the nil radical for finitely generated PI algebras over Noetherian rings, then to the theory of
Kemer and the Specht problem. Finally, the authors discuss PI exponent and codimension growth.
This part uses some nontrivial analytic tools coming from probability theory. The appendix presents
the counterexamples of Golod and Shafarevich to the Burnside problem.

azumaya algebra: Brauer Groups, Hopf Algebras and Galois Theory Stefaan Caenepeel,
2002-03-31 This volume is devoted to the Brauer group of a commutative ring and related invariants.
Part I presents a new self-contained exposition of the Brauer group of a commutative ring. Included
is a systematic development of the theory of Grothendieck topologies and étale cohomology, and
discussion of topics such as Gabber's theorem and the theory of Taylor's big Brauer group of
algebras without a unit. Part II presents a systematic development of the Galois theory of Hopf
algebras with special emphasis on the group of Galois objects of a cocommutative Hopf algebra. The
development of the theory is carried out in such a way that the connection to the theory of the
Brauer group in Part I is made clear. Recent developments are considered and examples are
included. The Brauer-Long group of a Hopf algebra over a commutative ring is discussed in Part III.
This provides a link between the first two parts of the volume and is the first time this topic has been
discussed in a monograph. Audience: Researchers whose work involves group theory. The first two
parts, in particular, can be recommended for supplementary, graduate course use.

azumaya algebra: Semigroup Algebras Jan Okninski, 2020-08-27 Gathers and unifies the




results of the theory of noncommutative semigroup rings, primarily drawing on the literature of the
last 10 years, and including several new results. Okninski (Warsaw U., Poland) restricts coverage to
the ring theoretical properties for which a systematic treatment is current

azumaya algebra: Etale Cohomology James S. Milne, 2025-04-08 An authoritative
introduction to the essential features of étale cohomology A. Grothendieck’s work on algebraic
geometry is one of the most important mathematical achievements of the twentieth century. In the
early 1960s, he and M. Artin introduced étale cohomology to extend the methods of sheaf-theoretic
cohomology from complex varieties to more general schemes. This work found many applications,
not only in algebraic geometry but also in several different branches of number theory and in the
representation theory of finite and p-adic groups. In this classic book, James Milne provides an
invaluable introduction to étale cohomology, covering the essential features of the theory. Milne
begins with a review of the basic properties of flat and étale morphisms and the algebraic
fundamental group. He then turns to the basic theory of étale sheaves and elementary étale
cohomology, followed by an application of the cohomology to the study of the Brauer group. After a
detailed analysis of the cohomology of curves and surfaces, Milne proves the fundamental theorems
in étale cohomology—those of base change, purity, Poincaré duality, and the Lefschetz trace
formula—and applies these theorems to show the rationality of some very general L-series.

azumaya algebra: Rings and Things and a Fine Array of Twentieth Century Associative Algebra
Carl Clifton Faith, 2004 This book surveys more than 125 years of aspects of associative algebras,
especially ring and module theory. It is the first to probe so extensively such a wealth of historical
development. Moreover, the author brings the reader up to date, in particular through his report on
the subject in the second half of the twentieth century. Included in the book are certain categorical
properties from theorems of Frobenius and Stickelberger on the primary decomposition of finite
Abelian formulations of the latter by Krull, Goldman, and others; Maschke's theorem on the
representation theory of finite groups over a field; and the fundamental theorems of Wedderburn on
the structure of finite dimensional algebras Goldie, and others. A special feature of the book is the
in-depth study of rings with chain condition on annihilator ideals pioneered by Noether, Artin, and
Jacobson and refined and extended by many later mathematicians. Two of the author's prior works,
Algebra: Rings, Modules and Categories, I and II (Springer-Verlag, 1973), are devoted to the
development of modern associative algebra and ring and module theory. Those bibliography of over
1,600 references and is exhaustively indexed. In addition to the mathematical survey, the author
gives candid and descriptive impressions of the last half of the twentieth century in "Part II:
Snapshots of fellow graduate students at the University of Kentucky and at Purdue, Faith discusses
his Fulbright-Nato Postdoctoral at Heidelberg and at the Institute for Advanced Study (IAS) at
Princeton, his year as a visiting scholar at Berkeley, and the many acquaintances he met there and
in subsequent travels in India, Europe, and most recently, Barcelona. Comments on the first edition:
"Researchers in algebra should find it both full references as to the origin and development of the
theorem ... I know of no other work in print which does this as thoroughly and as broadly." --John
O'Neill, University of Detroit at Mercy " 'Part II: Snapshots of Mathematicians of my age and
younger will relish reading 'Snapshots'." --James A. Huckaba, University of Missouri-Columbia

azumaya algebra: Prime Spectra in Non-Commutative Algebra F. van Oystaeyen,
2006-11-15

azumaya algebra: First International Tainan-Moscow Algebra Workshop Y. Fong, U.
Knauer, A. V. Mikhalev, 2016-11-21 No detailed description available for First International
Tainan-Moscow Algebra Workshop.

azumaya algebra: Handbook of Algebra M. Hazewinkel, 2000-04-06 Handbook of Algebra

azumaya algebra: Canadian Mathematical Bulletin , 1990-12

azumaya algebra: Algebra and Number Theory Rajat Tandon, 2005-05-01 Contributed articles
presented at the Conference.

azumaya algebra: Non-Commutative Valuation Rings and Semi-Hereditary Orders
Hidetoshi Marubayashi, Haruo Miyamoto, Akira Ueda, 1997-05-31 Much progress has been made



during the last decade on the subjects of non commutative valuation rings, and of semi-hereditary
and Priifer orders in a simple Artinian ring which are considered, in a sense, as global theories of
non-commu tative valuation rings. So it is worth to present a survey of the subjects in a
self-contained way, which is the purpose of this book. Historically non-commutative valuation rings
of division rings were first treat ed systematically in Schilling's Book [Sc], which are nowadays
called invariant valuation rings, though invariant valuation rings can be traced back to Hasse's work
in [Has]. Since then, various attempts have been made to study the ideal theory of orders in finite
dimensional algebras over fields and to describe the Brauer groups of fields by usage of valuations,
places, preplaces, value functions and pseudoplaces. In 1984, N. 1. Dubrovin defined
non-commutative valuation rings of simple Artinian rings with notion of places in the category of
simple Artinian rings and obtained significant results on non-commutative valuation rings (named
Dubrovin valuation rings after him) which signify that these rings may be the correct def inition of
valuation rings of simple Artinian rings. Dubrovin valuation rings of central simple algebras over
fields are, however, not necessarily to be integral over their centers.

azumaya algebra: New Directions in Hopf Algebras Susan Montgomery, Hans-Jurgen
Schneider, 2002-05-06 Hopf algebras have important connections to quantum theory, Lie algebras,
knot and braid theory, operator algebras and other areas of physics and mathematics. They have
been intensely studied in the past; in particular, the solution of a number of conjectures of
Kaplansky from the 1970s has led to progress on the classification of semisimple Hopf algebras and
on the structure of pointed Hopf algebras. Among the topics covered are results toward the
classification of finite-dimensional Hopf algebras (semisimple and non-semisimple), as well as what
is known about the extension theory of Hopf algebras. Some papers consider Hopf versions of
classical topics, such as the Brauer group, while others are closer to work in quantum groups. The
book also explores the connections and applications of Hopf algebras to other fields.

azumaya algebra: Noncommutative Algebra and Geometry Corrado De Concini, Freddy Van
Oystaeyen, Nikolai Vavilov, Anatoly Yakovlev, 2005-09-01 A valuable addition to the Lecture Notes in
Pure and Applied Mathematics series, this reference results from a conference held in St.
Petersburg, Russia, in honor of Dr. Z. Borevich. This volume is mainly devoted to the contributions
related to the European Science Foundation workshop, organized under the framework of
noncommuntative geometry and i

azumaya algebra: Stable Categories and Structured Ring Spectra Andrew J. Blumberg, Teena
Gerhardt, Michael A. Hill, 2022-07-21 A graduate-level introduction to the homotopical technology in
use at the forefront of modern algebraic topology.

azumaya algebra: Quadratic Mappings and Clifford Algebras Jacques Helmstetter, Artibano
Micali, 2008-05-24 After general properties of quadratic mappings over rings, the authors more
intensely study quadratic forms, and especially their Clifford algebras. To this purpose they review
the required part of commutative algebra, and they present a significant part of the theory of graded
Azumaya algebras. Interior multiplications and deformations of Clifford algebras are treated with
the most efficient methods.

azumaya algebra: Categories in Algebra, Geometry and Mathematical Physics Alexei Davydov,
2007 Category theory has become the universal language of modern mathematics. This book is a
collection of articles applying methods of category theory to the areas of algebra, geometry, and
mathematical physics. Among others, this book contains articles on higher categories and their
applications and on homotopy theoretic methods. The reader can learn about the exciting new
interactions of category theory with very traditional mathematical disciplines.

azumaya algebra: Separable Algebras Timothy J. Ford, 2017-09-26 This book presents a
comprehensive introduction to the theory of separable algebras over commutative rings. After a
thorough introduction to the general theory, the fundamental roles played by separable algebras are
explored. For example, Azumaya algebras, the henselization of local rings, and Galois theory are
rigorously introduced and treated. Interwoven throughout these applications is the important notion
of étale algebras. Essential connections are drawn between the theory of separable algebras and



Morita theory, the theory of faithfully flat descent, cohomology, derivations, differentials, reflexive
lattices, maximal orders, and class groups. The text is accessible to graduate students who have
finished a first course in algebra, and it includes necessary foundational material, useful exercises,
and many nontrivial examples.
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Reservations & Catering - John Howie Steak Restaurant At John Howie Steak, a Bellevue
banquet and private event dining restaurant, we offer a diverse range of chef-designed specialty
menus featuring the same local, sustainable hand-crafted

Instagram Create an account or log in to Instagram - Share what you're into with the people who
get you

Instagram - Meta We want Instagram to be a place where people can be inspired every day. We
foster a safe and welcoming community where people can express themselves, feel closer to anyone
they care

Instagram - Apps on Google Play 3 days ago - Turn your life into a movie and discover short,
entertaining videos on Instagram with Reels. - Customize your posts with exclusive templates, music,



stickers and filters

Instagram on the App Store Turn your life into a movie and discover short, entertaining videos on
Instagram with Reels. - Keep up with friends on the fly with Stories and Notes that disappear after
24 hours

Instagram - Wikipedia Instagram[a] is an American photo and short-form video sharing social
networking service owned by Meta Platforms. It allows users to upload media that can be edited
with filters, be organized

Instagram - Free download and install on Windows | Microsoft Bringing you closer to the
people and things you love. - Instagram from Meta. Connect with friends, share what you're up to or
see what's new from others all over the world. Explore our

Create a new Instagram account | Instagram Help Center Find out how to create a new
Instagram account on desktop, mobile or tablet. You can create an account even if you don't have
Facebook
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Abstract We present a new proof that if $A$ is an Azumaya algebra over a commutative ring $R$ of
rank $n"2$, then $A
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